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In this paper, we studied systematically the semileptonic decays B¯s → K(∗)ℓ+ℓ− with
l− = (e−, µ−, τ−) by using the perturbative QCD (PQCD) and the “PQCD+Lattice” fac-
torization approach, respectively. We first evaluated all relevant form factors Fi(q
2) in the
low q2 region using the PQCD approach, and we also take the available Lattice QCD results
at the end point q2max as additional inputs to improve the extrapolation of the form factors to
the high q2 region. We calculated the branching ratios and other twelve kinds of physical ob-
servables: AFB(l), PL, FK∗L and the angular observables Pi with i = (1, 2, 3) and P ′j with
j = (4, 5, 6, 8). From our studies, we find the following points: (a) for B¯s → Kl+l− decays,
the PQCD and “PQCD+Lattice” predictions for branching ratios (BRs) B(B¯s → Kl+l−),
the ratios of the BRs ReµK and R
µτ
K , and the longitudinal polarization asymmetry of the lep-
tons PL agree well within errors; (b) the PQCD and “PQCD+Lattice” predictions for the CP
averaged branching ratio B(B¯s → K∗µ+µ−) are (3.17+0.95−0.78)×10−8 and (2.48+0.56−0.50)×10−8
respectively, which agree well with the LHCb measured value (2.9 ± 1.1) × 10−8 and the
light-cone sum rule (LCSR) prediction; (c) for the ratios ReµK∗ and R
µτ
K∗ , the PQCD and
“PQCD+Lattice” predictions agree well with each other and have a small error less than
10%; (d) for the direct CP asymmetries ACP of all considered decay modes, they are al-
ways very small as expected: less than 5% in magnitude; (e) for the angular observables
P1,2,3 and P
′
4,5,6,8 , our theoretical predictions for each kind of lepton are consistent within
errors; (f) the theoretical predictions of the angular observables P3 and P
′
6 are less than
10−2 in size, but the magnitude of P1,2 and P ′4,5 are larger than 0.2; and (g) the PQCD and
“PQCD+Lattice” predictions of the binned values of all considered observables in the two
q2-bins [0.1 − 0.98]GeV2 and [1.1 − 6]GeV2 generally agree with each other and are also
consistent with the LCSR results within errors. We believe that above predictions could be
tested by future LHCb and Belle-II experiments.
I. INTRODUCTION
The lepton flavor universality (LFU), as one of the distinctive hypotheses of the standard model
(SM), requires the same kinds of couplings between the gauge bosons and the three families of
leptons except for mass effects. However, the recently reported RK and RK∗ anomalies bring a
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2primary hint of the LFU violation. The measured values of the ratios RK and RK∗ , defined as
the ratios of the branching fractions (BRs) B(B → K(∗)µ+µ−) and B(B → K(∗)e+e−) [1] , are
clearly smaller than the SM predictions [2–8]: the deviation is about 2.6σ for RK and 2.3σ for
RK∗ [9–14]. In addition, the LHCb experiment first observed the so-called P
′
5 anomaly, a sizeable
discrepancy at 3.7 σ between the measurement and the SM prediction in one bin for the angular
observables P ′5 [15, 16].
If the above mentioned anomalies are indeed the signal of the LFU violation in b → sℓ+ℓ−
decays, it must appear in the similar process b→ dℓ+ℓ−, because they are the same kinds of flavor-
changing neutral current (FCNC) transitions at the quark level with the differences of CKMmatrix
elements ( Vtd vs Vts ) and the masses (md vsms). As a consequence of the GIM mechanism [17],
the flavor structure of the SM theory permits the FCNC to arise at the loop level only, leaving some
space for heavy new degress of freedom to contribute to these rare processes [18]. With the same
quark level b → dµ+µ− transitions, the exclusive B± → π±µ+µ− and B0s → K¯∗0µ+µ− decays
have been measured recently by LHCb experiment[19, 20] :
B(B± → π±µ+µ−) = (1.83± 0.24(stat.)± 0.05(syst.))× 10−8, (1)
B(B0s → K
∗0
µ+µ−) = (2.9± 1.0(stat.)± 0.2(syst.)± 0.3(norm.))× 10−8, (2)
they agree well with those currently available SM predictions as given for example in Refs. [21–
29] .
In this paper K∗0 denotes a vectorK∗0(892) meson, which is reconstructed in theK+π− final
state experimentally by selecting candidates within 100 MeV/c2 of the mass [30, 31]. In LHCb
experiment, however, no attempt is made to separate the vector K∗0 from the S-wave or other
broad contributions which may present in the selected K+π− pair [14]. Fortunately, the S-wave
fraction contribution to the B0 → K∗0µ+µ− mode has been measured by the LHCb and found to
be small [13]. For the Bs case, the S-wave contamination of the B
0
s → K∗0µ+µ− decay is also
unknown now and assumed to be small to that of the B0 → K∗0µ+µ− decay. Specifically, the
S-wave fraction of FS(B
0 → K∗0µ+µ−) = (3.4±0.8)% in theK+π− system [20]. Theoretically,
the authors of Ref. [32] found the S-wave contribution will modify differential decay widths by
about 10% in the process of B
0 → K−π+ℓ+ℓ−.
Analogous to the ratios RK and RK∗ for B → K(∗)l+l− decays as defined in Refs. [1–14], we
can define the similar ratios of the BRs Reµs,K and R
eµ
s,K∗ for the B¯s → K(∗)ℓ+ℓ− decays:
Reµ
s,K(∗)
=
B(B¯s → K(∗)µ+µ−)
B(B¯s → K(∗)e+e−) . (3)
Similarly, we can also define the ratios Rµτs,K and R
µτ
s,K∗ in the following form:
Rµτ
s,K(∗)
=
B(B¯s → K(∗)τ+τ−)
B(B¯s → K(∗)µ+µ−) . (4)
These new ratiosReµ
s,K(∗)
andRµτ
s,K(∗)
, together with the ratiosRK andRK∗ , can help us to examine
the b→ (s, d)ℓ+ℓ− transitions in great details.
Unlike the well studied B → K(∗)ℓ+ℓ− decays, the semileptonic B¯s → K(∗)ℓ+ℓ− decays
have not caught much attention partially due to their lower branching ratios and the lack of the
relevant experimental measurements. In recent years, these decays have been studied by several
authors for example in Refs. [26–29], and the first measured branching ratio as listed in Eq. (2) was
reported last year by LHCb Collaboration [20]. Besides the measurements for the branching ratios,
3a precise angular reconstructions of the polarized K∗ in B¯s → K(∗)ℓ+ℓ− decays was discussed in
Ref. [8]. Recently, the predictions of several angular observables for the B¯s → K∗ℓ+ℓ− decays
were provided using the light cone sum rule (LCSR) and the Lattice QCD method in Ref. [29].
By using the perturbative QCD (PQCD) factorization approach [33–35], the semileptonic B¯s →
Kℓ+ℓ+ decays have been studied by us in a previous paper [26]. We considered the next-to-
leading order (NLO) contributions known at 2012 and presented our PQCD predictions of the
branching ratios:
B(B0s → K0ℓ+ℓ−) = (1.63+0.73−0.58)× 10−8, l = (e, µ), (5)
B(B0s → K0τ+τ−) = (0.43+0.18−0.15)× 10−8. (6)
In this paper, we will make a systematic study for the semileptonic decays B¯s → (K,K∗)ℓ+ℓ−
with l = (e, µ, τ), and present the theoretical predictions of many new physical observables:
(1) For B¯s → Kℓ+ℓ− decays, besides the branching ratios, we also calculate its forward-
backward asymmetry AFB(q2), the longitudinal lepton polarization asymmetry PL(q2), the
direct CP asymmetryACP and the ratios Reµs,K and Rµτs,K .
(2) For B¯s → K∗ℓ+ℓ− decays, we treat them as a four body decay B¯s → K∗(→ Kπ)ℓ+ℓ−
described by four kinematic variables: the lepton invariant mass squared q2 and three an-
gles (θK∗ , θℓ, φ). We define and calculate the full angular decay distributions, the trans-
verse amplitudes, the partially integrated decay amplitudes over the angles (θK∗ , θℓ, φ), the
forward-backward (FB) asymmetryAFB(q2), theK∗ polarization fractionRL,T (q2) and the
longitudinal lepton polarization asymmetry PL(q
2), and the ratios Reµs,K∗ and R
µτ
s,K∗. Since
we do not know how to calculate the possible S-wave or other broad contributions related
with the reconstruction of Kπ pair [13, 20], we add a 10% uncertainty to the PQCD pre-
dictions of the branching ratios as an additional theoretical error [32], but neglect it in the
calculations for other ratios due to the strong cancellation.
(3) We use both the PQCD factorization approach and “PQCD+Lattice” approach to determine
the values and their q2-dependence of the B¯s → K(∗) transition form factors. We use the
Bourrely-Caprini-Lellouch (BCL) parametrization method [36, 37] to make the extrapola-
tion for all form factors from the low q2 region to q2max. We will calculate the branching
ratios and all other physical observables using the PQCD approach and “PQCD+Lattice”
approach respectively, and compare the theoretical predictions obtained based on different
models.
The paper is organized as follows: In Sec. II, we give a short review for the kinematics of
the B¯s → K(∗)ℓ+ℓ− decays including distribution amplitudes of Bs and K(∗) mesons. Sec. III is
devoted to the the theoretical framework including Hamiltonian and transition form factors based
on the PQCD kT factorization formalism. In Sec. IV, we list all the observables for both types of
decays considered in this paper. Sec. V contains the numerical results of relevant observables and
some phenomenological discussions. We conclude and summarize in the last section.
II. KINEMATICS AND THE WAVE FUNCTIONS
We discuss kinematics of these decays in the large-recoil (low q2) region, where the PQCD
factorization approach is applicable to the considered semileptonic decays involving K(∗) as the
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FIG. 1. The typical Feynman diagrams for the semileptonic decays B¯0s → K(∗)ℓ+ℓ− in PQCD approach
with the flavor-changing neutral current (FCNC) contributions due to the operators Oi denoted as black
squares.
final state meson. In the rest frame of B¯0s meson, we define the B¯
0
s meson momentum p1, theK
(∗)
momentum p2 in the light-cone coordinates as Ref. [38]
p1 =
mBs√
2
(1, 1, 0⊥), p2 =
rmBs√
2
(η+, η−, 0⊥), (7)
where the mass ratio r = mK/mBs or m
∗
K/mBs , and the factor η
± is defined in the following
form:
η± = η ±
√
η2 − 1, with η = 1
2r
[
1 + r2 − q
2
m2Bs
]
, (8)
where q = p1−p2 is the lepton-pair four-momentum. For the final stateK∗ meson, its longitudinal
and transverse polarization vector ǫL,T can be written as
ǫL =
1√
2
(η+,−η−, 0⊥), ǫT = (0, 0, 1). (9)
The momenta of the spectator quarks in Bs and K
(∗) mesons are parameterized as
k1 = (0, x1
mBs√
2
, k1⊥), k2 =
mBs√
2
(x2rη
+, x2rη
−, k2⊥). (10)
we make the approximation in the small k⊥.
For the B¯0s meson wave function, we use the same parameterizations as in Refs. [26, 39]
ΦBs =
i√
2Nc
(p/Bs +mBs)γ5φBs(k1). (11)
Here only the contribution of the Lorentz structure φBs(k1) is taken into account, since the con-
tribution of the second Lorentz structure φ¯Bs is numerically small and has been neglected. We
adopted the Bs-meson distribution amplitude the same as B-meson in the SU(3)f limit widely
used in the PQCD approach
φBs(x, b) = NBsx
2(1− x)2exp
[
−m
2
Bs x
2
2ω2Bs
− 1
2
(ωBsb)
2
]
. (12)
In order to analyze the uncertainties of theoretical predictions induced by the inputs, one usually
take ωBs = 0.50± 0.05 GeV for B0s meson. The normalization factor NBs depends on the values
5of the shape parameter ωBs and the decay constant fBs and defined through the normalization
relation :
∫ 1
0
dx φBs(x, b = 0) = fBs/(2
√
6) [26].
For the pseudoscalarK meson , the wave function can be chosen as the same one in Ref. [40]:
ΦK(p, x) ≡ i√
6
γ5
[
p/Kφ
A
K(x) +m
K
0 φ
p
K(x) + ζm
K
0 (n/v/− 1)φTK(x)
]
, (13)
where mK0 and p is the chiral mass and the momentum of the meson K. The parameter ζ = 1
or −1 when the momentum fraction of the quark (anti-quark) of the meson is set to be x. The
distribution amplitudes (DA’s) of the kaon meson can be found easily in Refs. [41–44]:
φAK(x) =
3fK√
6
x(1 − x)
[
1 + aK1 C
3/2
1 (t) + a
K
2 C
3/2
2 (t) + a
K
4 C
3/2
4 (t)
]
, (14)
φPK(x) =
fK
2
√
6
{
1 +
(
30η3 − 5
2
ρ2K
)
C
1/2
2 (t)− 3
[
η3ω3 +
9
20
ρ2K
(
1 + 6aK2
)
C
1/2
4 (t)
]}
, (15)
φTK(x) =
fK(1− 2x)
2
√
6
{
1 + 6
[
5η3 − 1
2
η3ω3 − 7
20
ρ2K −
3
5
ρ2Ka
K
2
] (
1− 10x+ 10x2)} , (16)
where t = 2x − 1, fK is the decay constant of kaon meson and ρK = mK/m0K is the mass ratio.
The Gegenbauer moments and other parameters are [41–44]:
aK1 = 0.06± 0.03, aK2 = 0.25± 0.15, aK4 = −0.015, η3 = 0.015, ω = −3.0. (17)
The Gegenbauer polynomials appeared in Eqs. (14,15) are of the following form [41–44]:
C
3/2
1 (t) = 3t, C
1/2
2 (t) =
1
2
(
3t2 − 1) , C3/22 (t) = 32 (5t2 − 1) ,
C
1/2
4 (t) =
1
8
(
3− 30t2 + 35t4) , C3/24 (t) = 158 (1− 14t2 + 21t4) . (18)
For the light vector meson K∗, the longitudinal and transverse polarization components can
provide the contribution. Here we adopt the wave functions of the vectorK∗ as in Ref. [44]:
Φ
||
K∗(p, ǫL) =
i√
6
[6ǫLmK∗φK∗(x)+ 6ǫLp/φtK∗(x) +mK∗φsK∗(x)] , (19)
Φ⊥K∗(p, ǫT ) =
i√
6
[6ǫTmK∗φvK∗(x)+ 6ǫT p/φTK∗(x) +mK∗iǫωυρσγ5γωǫvTnρvσφaK∗(x)] , (20)
where p and mK∗ are the momentum and the mass of the K
∗ meson, ǫL and ǫT correspond to the
longitudinal and transverse polarization vectors of the vector meson, respectively. The φK∗ and
φTK∗ in Eqs. (19,20) are the twist-2 DAs [44]:
φK∗(x) =
3fK∗√
6
x(1− x)
[
1 + a
||
1K∗C
3/2
1 (t) + a
||
2K∗C
3/2
2 (t)
]
, (21)
φTK∗(x) =
3fTK∗√
6
x(1− x)
[
1 + a⊥1K∗C
3/2
1 (t) + a
⊥
2K∗C
3/2
2 (t)
]
, (22)
where fK∗ and f
T
K∗ are the longitudinal and transverse components of the decay constants. The
Gegenbauer moments in Eqs. (19,20) are the same ones as those in Ref. [44]:
a
||
1K∗ = 0.03± 0.02, a||2K∗ = 0.11± 0.09,
a⊥1K∗ = 0.04± 0.03, a⊥2K∗ = 0.10± 0.08. (23)
The twist-3 DAs φs,tK∗ and φ
v,a
K∗ in Eqs. (19,20) are defined with the asymptotic form as in Ref. [44]:
φtK∗ =
3fTK∗
2
√
6
t2, φsK∗ =
3fTK∗
2
√
6
(−t) , φvK∗ =
3fK∗
8
√
6
(1 + t2), φaK∗ =
3fK∗
4
√
6
(−t) , (24)
6III. THEORETICAL FRAMEWORK
A. Effective Hamiltonian for b→ dℓ+ℓ− decays
For the considered b → dℓ+ℓ− transitions, the effective Hamiltonian in the framework of the
SM can be written in the following form [29, 45–47]:
Heff = −GF√
2
VtbV
∗
td
{
C1(µ)Oc1(µ) + C2(µ)Oc2(µ) +
10∑
i=3
Ci(µ)Oi(µ)
+λu
[
C1(µ)(Oc1(µ)−Ou1 (µ)) + C2(µ) (Oc2(µ)−Ou2 (µ))
]}
, (25)
where GF = 1.16638× 10−5GeV −2 is the Fermi constant, λu = VubV ∗ud/(VtbV ∗td) is a ratio of the
CKM elements, Ci(µ) and Oi(µ) are the Wilson coefficients and the 4-fermion operators at the
renormalization scale µ. In SM, a suitable basis of the operatorsOi(µ) for b→ dℓ+ℓ− transition is
given by the current-current operatorsOu,c1,2 , the QCD penguin operatorsO3−6, the electromagnetic
penguin operator O7 and the chromomagnetic penguin operator O8, as well as the semileptonic
operators O9,10 :
Oc1 = (d¯αcβ)V−A(c¯βbα)V−A, Oc2 = (d¯αcα)V−A(c¯βbβ)V−A,
Ou1 = (d¯αuβ)V−A(u¯βbα)V−A, Ou2 = (d¯αuα)V−A(u¯βbβ)V−A,
O3 = (d¯αbα)V−A
∑
q
(q¯βqβ)V−A, O4 = (d¯αbβ)V−A
∑
q
(q¯βqα)V−A,
O5 = (d¯αbα)V−A
∑
q
(q¯βqβ)V+A, O6 = (d¯αbβ)V−A
∑
q
(q¯βqα)V+A,
O7 = emb
8π2
d¯σµν(1 + γ5)bFµν , O8 = gmb
8π2
d¯σµνT a(1 + γ5)bG
a
µν ,
O9 = αem
2π
(d¯γµ(1− γ5)b)(ℓ¯γµℓ), O10 = αem
2π
(d¯γµ(1− γ5)b)(ℓ¯γµγ5ℓ), (26)
where T a denotes the generators of the SU(3)C group and mb is the running b quark mass in the
MS scheme; Fµν and G
a
µν are the electromagnetic and chromomagnetic tensors, respectively. The
labels V ±A refers to the Lorentz structure γµ(1± γ5). The dominant contribution to b→ dℓ+ℓ−
transitions are given by O7 and O9,10, as well as Ou,c1,2 . The operator O7 corresponds to the γ-
penguin diagram, as shown in Fig. 2(a). The operators O9,10 describe the sum of the contributions
from the Z- and γ-penguin in Fig. 2(a) and the W box diagrams in Fig 2(b). The current-current
operators Ou,c1,2 involve a long-distance (LD) contribution, which origins in the real uu¯,dd¯ and cc¯
intermediate states, namely the (ρ, ω, φ) and J/ψ family in Fig 2(c), coupled to the lepton pair via
the virtual photon. This contribution is proportional to C9 and can be absorbed into an effective
Wilson coefficient Ceff9 [48].
Here we neglect the contribution from subleading chromomagnetic penguin, quark-loop and
annihilation diagrams because these effects are highly suppressed [29]. Hence the decay amplitude
for b→ dl+l− loop transition can be decomposed as
A(b→ dl+l−) = GF
2
√
2
αem
π
VtbV
∗
td
{
Ceff9 (q
2)[d¯γµ(1− γ5)b][l¯γµl] + C10[d¯γµ(1− γ5)b][l¯γµγ5l]
−2mbCeff7
[
d¯iσµν
qν
q2
(1 + γ5)b
]
[l¯γµl]
}
, (27)
7b W d
u, c, t
γ
ℓ+
ℓ−
(a)
b d
W
u, c, t
γ
ℓ+
ℓ−
Z∗ Z
∗
b du, c, t
ν
ℓ+ ℓ−
W W
(b)
ℓ+
ℓ−
b W d
ρ, ω, φ, J/ψ, ψ′, ...
γ
(c)
FIG. 2. Typical Feynman loop diagrams: the γ-penguin (2a) with O7, the z(γ)-penguin (2a) and W -box
(2b) with O9,10, and the loops (2c) with Ou,c1,2 .
TABLE I. The values of the Wilson coefficients Ci(µ) in NLO level at three different renormalization scales
µ = (mb/2,mb, 3mb/2).
µ\Ci(µ) C1 C2 C3(%) C4(%) C5(%) C6(%) C7 C8 C9 C10
mb/2 −0.276 1.131 2.005 −4.845 1.375 −5.841 −0.329 −0.165 4.450 −4.410
mb −0.175 1.076 1.258 −3.279 1.112 −3.634 −0.302 −0.148 4.232 −4.410
3mb/2 −0.129 1.053 0.966 −2.608 0.964 −2.786 −0.287 −0.139 4.029 −4.410
where Ceff7 (µ) and C
eff
9 (µ) are the effective Wilson coefficients, defined as in Refs. [26, 49]
Ceff7 (µ) = C7(µ) + C
′
b→dγ(µ), (28)
Ceff9 (µ, q
2) = C9(µ) + Ypert(sˆ) + Yres(q
2). (29)
The analytic expressions for all Wilson coefficients in the NLO approximation can be found easily
in Ref. [50]. The numerical values of the NLO Wilson coeffients Ci(µ) at three different renor-
malization scales µ = (mb/2, mb, 3mb/2) are listed in Table I. Note that the Wilson coefficient
C10 is independent of the µ scale and C9(µ) is relatively sensitive to the choice of µ.
The term C ′b→dγ in Eq. (28) is the absorptive part of b→ dγ and was given in Ref. [49]
C ′b→dγ(µ) = iαs
{
2
9
η14/23 [GI(xt)− 0.1687]− 0.03C2(µ)
}
, (30)
8where η = αs(mW )/αs(µ), xt = m
2
t/m
2
W and
GI(xt) =
xt (x
2
t − 5xt − 2)
8 (xt − 1)3
+
3x2t ln xt
4(xt − 1)4 . (31)
Besides the ordinary Wilson coefficient C9(µ), the effective Wilson coefficient C
eff
9 (q
2) in
Eq. (29) also contains two additional effective terms Ypert(sˆ) and Yres(q
2). The term Ypert(sˆ) de-
scribes the short distance contribution from the soft-gluon emission and the one-loop contribution
of the four-quark operators O1 − O6. The term Yres(q2) includes the contributions of the virtual
resonances described by the Breit-Wigner form prescribed in Refs.[47, 51–54].
Ypert(sˆ) = 0.124ω(sˆ) + g(mˆc, sˆ)C0 + λu [g(mˆc, sˆ)− g(mˆu, sˆ)] (3C1 + C2)
−1
2
g(mˆd, sˆ)(C3 + 3C4)− 1
2
g(mˆb, sˆ)(4C3 + 4C4 + 3C5 + C6)
+
2
9
(3C3 + C4 + 3C5 + C6), (32)
Yres(q
2) = − 3π
α2em
[
C0 ·
∑
V=J/Ψ,Ψ′...
mV B(V → l+l−)ΓVtot
q2 −m2V + imV ΓVtot
−λug(mˆu, sˆ)(3C1 + C2) ·
∑
V=ρ,ω,φ
mV B(V → l+l−)ΓVtot
q2 −m2V + imV ΓVtot
]
, (33)
where C0 = 3C1+C2+3C3+C4+3C5+C6, sˆ=q
2/m2b , mˆq=mq/mb. In the above expressions,
ω(sˆ) is the soft-gluon correction to the matrix element of operator O9 and was given in Refs. [47,
55]
ω(sˆ) =−2
9
π2 +
4
3
∫ sˆ
0
ln(1− u)
u
du− 2
3
ln(sˆ) ln(1− sˆ)− 5 + 4sˆ
3(1+2sˆ)
ln(1− sˆ)
−2sˆ(1+sˆ)(1−2sˆ)
3(1−sˆ)2(1+2sˆ) ln sˆ+
5+9sˆ−6sˆ2
6(1−sˆ)(1+2sˆ) . (34)
The loop coefficient functions g(mˆq, sˆ) in Eqs. (32,33) describe the one-loop (qq¯) contributions to
the four-quark operators O1 −O6, and can be written as the well-known expression [56–59]:
g(mˆq, sˆ) = −8
9
ln(mˆq) +
8
27
+
4
9
x− 2
9
(2 + x)
√
|1− x| ×
{
2 arctan 1√
x−1 , x > 1
ln |1+
√
1−x
1−√1−x | − iπ , x < 1,
(35)
where x ≡ 4mˆ2q/sˆ.
In Ref. [59], the authors employed the dispersion approach to compute the charm-loop effect in
a form of the correction to the Wilson coefficient C9. By fitting the whole dispersion relation to the
OPE result at q2 << 4m2c , the authors found that there exists a destructive interference between
the J/ψ and ψ(2S) states. According to their opinion, a reliable prediction for the charm-loop
effect above ψ(2S) based on QCD is hard to make. Although the actual effect depending on the
interference of many charmonium states cannot be reliably constrained by OPE, yet it could be
considered as small in this region.
The term Yres in Eq. (33) denotes the long-distance resonance contributions from those Bs →
K(∗)V → K(∗)(V → ℓ+ℓ−) transitions , where V stands for the possible intermediate resonance
states decaying to lepton pairs:
9(1) The charmless light vector mesons V = (ρ, ω, φ). The kinematic region where the light
resonances (ρ, ω, φ) contribute is typically not excluded from the experimental analyses be-
cause their effects on branching fractions and other physical observables might be substan-
tial [60].
(2) The cc¯ charmonia Vcc¯ = ψ(1S, 2S, 3770, 4040, 4160, 4415). The two lowest charmonium
states ψ(1S) and ψ(2S) (i.e. J/ψ and ψ′), whose masses are below the open charm thresh-
old (DD¯), have tiny width and can induce large breaking of quark-hadron duality. Hence,
the narrow charmonia resonance regions are routinely rejected in the theoretical and exper-
imental analysis. For the four higher charmonium resonances, however, they are broad and
overlapping throughout the high-q2 regions. One usually make the integration over the full
high-q2 range.
As reported in Ref. [61], a resonance above ψ(2S) compatible with the ψ(4160) has been
observed by LHCb in B → Kµ+µ− decay. Consequently, nearly all available contribution about
the JPC = 1−− charmonium resonances above the open charm threshold should be taken into
account [62]. In Table II, we list the properties of all considered intermediate resonance states:
their mass, width, and branching fractions of the leptonic decay channel V → l+l− [30]. For the
case ℓ = τ , only the fraction of J/ψ(2S)→ τ+τ− does not vanish , which equals 3.1×10−3 from
Ref.[30].
TABLE II. The masses, decay widths and branching fractions of the dilepton decays of the vector charmo-
nium states [30].
V Mass[GeV] ΓVtot[MeV] BR(V → l+l−) with l = e, µ
ρ(770) 0.775 149.1 4.63 × 10−5
ω(782) 0.782 8.490 7.38 × 10−5
φ(1020) 1.019 4.249 2.92 × 10−4
J/ψ(1S) 3.096 0.093 5.96 × 10−2
ψ(2S) 3.686 0.294 7.96 × 10−3
ψ(3770) 3.773 27.2 9.60 × 10−6
ψ(4040) 4.039 80 1.07 × 10−5
ψ(4160) 4.191 70 6.90 × 10−6
ψ(4415) 4.421 62 9.40 × 10−6
B. Bs → K,K∗ transition form factors
The Bs → K transition can be induced by the vector current V µ and the tensor currents T µν :
〈K(p2)|V µ|Bs(p1)〉 = f1(q2)pµ1 + f2(q2)pµ2 , (36)
〈K(p2)|T µν |Bs(p1)〉 = i 2
mBs +mK
[pµ2q
ν − qµpν2]FT (q2), (37)
where V µ = d¯γµb and T µν = d¯σµνb, and q = p1 − p2 is the momentum carried off by the lepton
pairs and σµν = i[γµ, γν ]/2.
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The Bs → K transition form factors F+(q2) and F0(q2) can be written as a combination of the
auxiliary form factors f1(q
2) and f2(q
2) in Eq. (36):
F+(q
2) =
1
2
[
f1(q
2) + f2(q
2)
]
, (38)
F0(q
2) = F+(q
2) +
1
2
[
f1(q
2)− f2(q2)
] q2
m2Bs −m2K
. (39)
We also have the relation F+(0) = F0(0) in order to smear the pole at q
2 = 0.
Using the well-studied wave functions as given in Sec. II, we calculated the three Bs → K
form factors f1(q
2), f2(q
2) and FT (q
2) in the PQCD factorization approach:
f1(q
2) = 16πm2BsCF
∫
dx1dx2
∫
b1db1b2db2φBs(x1)
×
{[
−x2r2φAK(x2)+r0φPK(x2)−
η+2x2r√
η2−1r0φ
T
K(x2)
]
·H1(t1)
+
[(
x1(η+
√
η2−1)−r+ x1
2
√
η2−1
)
rφAK(x2)
−x1
(
1+
η√
η2−1
)
r0φ
P
K(x2)
]
·H2(t2)
}
, (40)
f2(q
2) = 16πm2BsCF
∫
dx1dx2
∫
b1db1b2db2φBs(x1)
×
{[
(1 + x2rη)φ
A
K(x2)−2x2r0φPK(x2)−
1−2x2rη
r
√
η2−1r0φ
T
K(x2)
]
·H1(t1)
+
[
−x1
2
(
1+
η√
η2−1
)
φAK(x2)+
(
2+
x1
r
√
η2−1
)
r0φ
P
K(x2)
]
·H2(t2)
}
, (41)
FT (q
2) = 8πm2BsCF (1 + r)
∫
dx1dx2
∫
b1db1b2db2φBs(x1)
×
{[
φAK(x2)−x2r0φPK(x2)−
1+x2rη
r
√
η2−1r0φ
T
K(x2)
]
·H1(t1)
+
[
−x1
2
(
1+
η√
η2−1
)
φAK(x2)+
(
2+
x1
r
√
η2−1
)
r0φ
P
K(x2)
]
·H2(t2)
}
. (42)
where CF = 4/3 is a color factor, r0 = m
0
K/mBs , r = mk/mBs , η is defined in Eq. (8), and the
functionHi(ti) in the following form
Hi(ti) = hi(x1, x2, b1, b2) · αs(ti) exp [−Sab(ti)] , for i = (1, 2). (43)
The explicit expressions of the hard functions h1,2(x1, x2, b1, b2) , the hard scales t1,2 and the
Sudakov factors Sab(ti) will be given in Appendix A.
For the vector meson K∗ with polarization vector ǫ∗, the relevant form factors for Bs → K∗
transitions are V (q2) and A0,1,2(q
2) of the vector and axial-vector currents, and T1,2,3(q
2) of the
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tensor currents. In the PQCD factorization approach, these seven form factors of Bs → K∗ℓ+ℓ−
decays can be calculated and written in the following form:
V (q2) = 8πm2BsCF (1+r)
∫
dx1dx2
∫
b1db1b2db2φBs(x1)
×
{[
−x2rφvK∗(x2)+φTK∗(x2)+
1+x2rη√
η2−1φ
a
K∗(x2)
]
·H1(t1)
+
[(
r+
x1
2
√
η2−1
)
φvK∗(x2)−
x1 − 2rη
2
√
η2−1φ
a
K∗(x2)
]
·H2(t2)
}
, (44)
A0(q
2) = 8πm2BsCF
∫
dx1dx2
∫
b1db1b2db2φBs(x1)×
{[
(1+x2r(2η−r))φK∗(x2)
+(1−2x2)rφtK∗(x2)+
(1−rη)− 2x2r(η−r)√
η2−1 φ
s
K∗(x2)
]
·H1(t1)
+
[[ x1√
η2−1
(
η+r
2
−rη2
)
+
(x1
2
−x1rη+r2
) ]
φK∗(x2)
−
[x1(1−rη) + 2r(r−η)√
η2−1 −x1r
]
φsK∗(x2)
]
·H2(t2)
}
, (45)
A1(q
2) = 16πm2BsCF
r
1+r
∫
dx1dx2
∫
b1db1b2db2φBs(x1)
×
{[
(1+x2rη)φ
v
K∗(x2)+(η−2x2r)φTK∗(x2)+x2r
√
η2−1φaK∗(x2)
]
·H1(t1)
+
[ (
rη−x1
2
)
φvK∗(x2)+
(
r
√
η2−1+x1
2
)
φaK∗(x2)
]
·H2(t2)
}
, (46)
A2(q
2) =
(1+r)2(η−r)
2r(η2−1) A1(q
2)− 8πm2BsCF
1+r
η2−r
∫
dx1dx2
∫
b1db1b2db2φBs(x1)
×
{[[
η
(
1−x2r2
)
+r
(
x2(2η
2−1)−1) ]φK∗(x2)+[1+2x2r2−(1+2x2)rη]φtK∗(x2)
+r(1−2x2)
√
η2−1φsK∗(x2)
]
·H1(t1)
+
[[(
rη−1
2
)
x1
√
η2−1−
[
r
(
rη−1−x1η2
)
+
x1(r+η)
2
]]
φK∗(x2)
+
[
x1(rη−1)+(x2−2)r
√
η2−1
]
φsK∗(x2)
]
·H2(t2)
}
, (47)
T1(q
2) = 8πm2BsCF
∫
dx1dx2
∫
b1db1b2db2φBs(x1)×
{[
(1−2x2)rφvK∗(x2)
+
(
1+2x2rη−x2r2
)
φTK∗(x2)+
1+2x2r
2−(1+2x2)rη√
η2−1 φ
a
K∗(x2)
]
·H1(t1)
+
[[ (
1−x1
2
)
r − x1(rη−1)
2
√
η2−1
]
φvK∗(x2) +
[ r(η−r)√
η2−1+
x1
2
(
r +
rη−1√
η2−1
)]
φaK∗(x2)
]
·H2(t2)
}
, (48)
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T2(q
2) = 16πm2BsCF
r
1−r2
∫
dx1dx2
∫
b1db1b2db2φBs(x1)
×
{[
(1−(1 + 2x2)rη+2x2r2)φvK∗(x2)
+
[
x2rη(2η−r)−x2r+η−r
]
φTK∗(x2) +(1−2x2)r
√
η2−1φaK∗(x2)
]
·H1(t1)
+
[[x2
2
(1+
η√
η2−1)(rη−1)+(r+
x1
2
√
η2−1)(η−r)
]
φvK∗(x2)
+
[
(1−x1
2
)r
√
η2 − 1+x1
2
(1−rη)
]
φaK∗(x2)
]
·H2(t2)
}
, (49)
T3(q
2) =
(1−r)2(η+r)
2r(η2−1) T2(q
2)− 8πm2BsCF
1−r2
η2−1
∫
dx1dx2
∫
b1db1b2db2φBs(x1)
×
{[η2−(1+2x2)rη+2x2r2
η−r φK∗(x2)+(1+x2rη)φ
t
K∗(x2)+x2r
√
η2−1φsK∗(x2)
]
·H1(t1)
+
[[
r−x1
2
(η+
√
η2−1)]φK∗(x2)+(x1+2r√η2−1)φsK∗(x2)]·H2(t2)}, (50)
where r = mK∗/mBs , the twist-2 DAs (φK∗, φ
T
K∗) and other four twist-3 DAs are defined in
Eqs. (19,20,24), the functionsH1,2(t1,2) are the same ones as those defined in Eq. (43) forBs → K
transition, but with a replacement of r = mK/mBs by r = mK∗/mBs .
IV. OBSERVABLES FOR Bs → K(∗)ℓ+ℓ− DECAYS
A. Observables for Bs → Kℓ+ℓ− decays
Within the SM operator basis, the decay amplitude of Bs → Kℓ+ℓ− decay can be written in
the following form [63]:
A (B¯0s → Kℓ+ℓ−) = GFαem√
2π
VtbV
∗
td
[
δV p
µ
1
(
ℓ¯γµℓ
)
+ δAp
µ
1
(
ℓ¯γµγ5ℓ
)
+ δP
(
ℓ¯γ5ℓ
)]
(51)
with
δA = C10F+(q
2),
δV = C
eff
9 F+(q
2) + Ceff7
2(mb −md)
mBs +mK
FT (q
2),
δP = −mℓC10
{
F+(q
2) +
m2Bs −m2K
q2
[
F+(q
2)− F0(q2)
]}
, (52)
where pµ1 denotes the four-momentum of the Bs-meson andmℓ is the lepton mass.
Based on the matrix elements of the operators in terms of the form factors, we obtain the double
differential decay rate for B¯s → Kℓ+ℓ− with respect to q2 and θℓ with lepton flavor ℓ [64],
d2Γ
dq2d cos θℓ
= aℓ(q
2) + bℓ(q
2) cos θℓ + cℓ(q
2) cos2 θℓ . (53)
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The angle θℓ is defined as the angle between the B¯s-direction and the ℓ
−-direction in the ℓ+ℓ− rest
frame. The corresponding angular coefficients aℓ, bℓ and cℓ can be written as[63, 64]
aℓ(q
2) = N
[
q2|δP |2 + λ
4
(|δA|2 + |δV |2) + 4m2ℓm2Bs|δA|2
+2mℓ(m
2
Bs −m2K + q2)Re(δP δ∗A)
]
, (54)
bℓ(q
2) = 0 , (55)
cℓ(q
2) = −Nλβ
2
ℓ
4
(|δA|2 + |δV |2). (56)
with the factor N ,
N = G
2
Fα
2
em|VtbV ∗td|2
29π5m3Bs
βℓ
√
λ. (57)
where βl =
√
1− 4mˆ2l with mˆl = ml/
√
q2, αem = 1/137 is the fine structure constant,mℓ means
the lepton mass and λ = λ(m2Bs , m
2
K , q
2) is the Ka¨llen function: λ(a, b, c) = a2+ b2+ c2−2(ab+
bc + ca).
Integration over the polar angle θℓ leads to the expression for the differential decay rate,
dΓ
dq2
= 2aℓ(q
2) +
2
3
cℓ(q
2). (58)
We see that the linear dependence on cos θℓ is lost after integration over θℓ, consequently , the
lepton forward-backward asymmetryAFB will also become zero,
AFB
(
q2
)
=
∫ 1
0
d2Γ
dq2d cos θℓ
d cos θℓ −
∫ 0
−1
d2Γ
dq2d cos θℓ
d cos θℓ
dΓ/dq2
=
bℓ(q
2)
dΓ/dq2
= 0. (59)
Another observable of interest that we calculate is the longitudinal polarization asymmetry
PL(q
2) of the leptons defined as [46]:
PL(q
2) =
1
dΓ/dq2
[
dΓhℓ=−1
dq2
− dΓ
hℓ=+1
dq2
]
, (60)
where hℓ = +1(−1) implies a right(left)-handed charged lepton ℓ− in the final state. For the
B¯s → Kℓ+ℓ− decay, the lepton polarization is given by [46]:
PL(q
2) =
1
3
· G
2
Fα
2
em|VtbV ∗td|2
256π5m3Bs
· β
2
ℓλ
3/2 · Re{δV δ∗A}
dΓ/dq2
. (61)
For the CP-conjugated mode B0s → K¯ℓ+ℓ−, the decay amplitude and physical observables are
obtained by making the substitutionA → A¯, i.e., by making the complex conjugation of the CKM
factor involved for the B¯0s decay modes. Analogous to Ref. [65], we also define the direct CP
asymmetry of the considered Bs → Kl+l− decays in the following form:
ACP (q2) = dΓ(B¯s → Kl
+l−)/dq2 − dΓ¯(Bs → K¯l+l−)/dq2
dΓ(B¯s → Kl+l−)/dq2 + dΓ¯(Bs → K¯l+l−)/dq2 . (62)
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B. Observables for Bs → K∗ℓ+ℓ−
For a four body decay, Bs → K∗(→ πK)ℓ+ℓ−, the decay distribution can be completely
described in terms of four kinematic variables[7, 65, 66]: the lepton invariant mass squared (q2)
and three angles θK∗ , θℓ, and φ. The angle θK∗ is the angle between the direction of flight of K
and the Bs meson in the rest frame ofK
∗, θℓ is the angle made by ℓ− with respect to the Bs meson
in the dilepton rest frame and φ is the azimuthal angle between the two planes formed by dilepton
and πK. The full angular decay distribution of B¯s → K∗(→ π−K+)ℓ+ℓ− is given by [8, 29, 67],
d4Γ
dq2 d cos θK∗ d cos θℓ dφ
=
9
32π
I(q2, θK∗, θℓ, φ) , (63)
where the functions I(q2, θK∗, θℓ, φ) are of the following form [8]:
I(q2, θℓ, θK∗, φ) =
∑
i
Ii(q
2)fi(θK∗, θℓ, φ)
= Is1 sin
2 θK∗ + I
c
1 cos
2 θK∗ + (I
s
2 sin
2 θK∗ + I
c
2 cos
2 θK∗) cos 2θℓ
+ I3 sin
2 θK∗ sin
2 θℓ cos 2φ+ I4 sin 2θK∗ sin 2θℓ cos φ
+ I5 sin 2θK∗ sin θℓ cosφ+ I
s
6 sin
2 θK∗ cos θℓ + I7 sin 2θK∗ sin θℓ sinφ
+ I8 sin 2θK∗ sin 2θℓ sin φ+ I9 sin
2 θK∗ sin
2 θℓ sin 2φ . (64)
For the CP-conjugated mode Bs → K¯∗(→ π+K−)ℓ+ℓ−, the corresponding expression of the
angular decay distribution is
d4Γ¯
dq2 d cos θK∗ d cos θℓ dφ
=
9
32π
I¯(q2, θK∗, θℓ, φ) , (65)
The function I¯(q2, θK∗, θℓ, φ) is obtained from Eq. (64) by the substitution [8]:
I1,2,3,4,7 → I¯1,2,3,4,7, I5,6,8,9 → −I¯5,6,8,9, (66)
where I¯i are obtained by making the complex conjugation for all weak phases in Ii. The minus
sign in Eq. (66) is a result of the convention that, under the previous definitions of three angles, a
CP transformation interchanges the lepton and antilepton, leading to the modification θℓ → θℓ− π
and φ→ −φ.
The angular coefficients Ii of the distributions in above equation can be written in terms of the
transverse amplitudes [16, 68]. For the massless case there are six such complex amplitudes: AR,L0 ,
AR,L‖ and AR,L⊥ . For the massive case an additional complex amplitude At is required. In Table
III, we show the expressions for those angular coefficients Ii(q
2) and the corresponding angular
factor fi(θK∗ , θℓ, φ) as those defined in Refs. [16, 68].
The seven transversity amplitudesAR,L0 , AR,L‖ ,AR,L⊥ andAt, in turn, can be expressed in terms
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TABLE III. The explicit expressions of the angular coefficients Ii(q
2) and fi appeared in Eq. (64).
i Ii(q
2) fi
1s (34−mˆ2ℓ)
[
|AL‖ |2+|AL⊥|2+|AR‖ |2+|AR⊥|2
]
+4mˆ2ℓRe
[
AL⊥AR∗⊥ +AL‖AR∗‖
]
sin2 θK∗
1c |AL0 |2 + |AR0 |2 + 4mˆ2ℓ
[|At|2 + 2Re[AL0AR∗0 ]] cos2 θK∗
2s 14β
2
ℓ
[
|AL‖ |2 + |AL⊥|2 + |AR‖ |2 + |AR⊥|2
]
sin2 θK∗ cos 2θℓ
2c −β2ℓ
[|AL0 |2 + |AR0 |2] cos2 θK∗ cos 2θℓ
3 12β
2
ℓ
[
|AL⊥|2 − |AL‖ |2 + |AR⊥|2 − |AR‖ |2
]
sin2 θK∗ sin
2 θℓ cos 2φ
4
√
1
2β
2
ℓRe(AL0AL∗‖ +AR0AR∗‖ ) sin 2θK∗ sin 2θℓ cosφ
5
√
2βℓRe(AL0AL∗⊥ −AR0AR∗⊥ ) sin 2θK∗ sin θℓ cosφ
6s 2βℓRe(AL‖AL∗⊥ −AR‖AR∗⊥ ) sin2 θK∗ cos θℓ
7
√
2βℓIm(AL0AL∗‖ −AR0AR∗‖ ) sin 2θK∗ sin θℓ sinφ
8
√
1
2β
2
ℓ Im(AL0AL∗⊥ +AR0AR∗⊥ ) sin 2θK∗ sin 2θℓ sinφ
9 β2ℓ Im(AL∗‖ AL⊥ +AR∗‖ AR⊥) sin2 θK∗ sin2 θℓ sin 2φ
of the relevant Bs → K∗ℓ+ℓ− form factors [6, 8]:
AL,R⊥ =−Nℓ
√
2NK∗
√
λ
[
(Ceff9 ∓ C10)
V (q2)
mBs +mK∗
+ 2mˆbC
eff
7 T1(q
2)
]
, (67)
AL,R‖ =Nℓ
√
2NK∗
[
(Ceff9 ∓ C10)(mBs +mK∗)A1(q2) + 2mˆbCeff7 (m2Bs −m2K∗)T2(q2)
]
, (68)
AL,R0 =
Nℓ
√
NK∗
2mK∗
√
q2
{
(Ceff9 ∓C10)
[
(m2Bs−m2K∗−q2)(mBs+mK∗)A1(q2)−
λ
mBs+mK∗
A2(q
2)
]
+ 2mbC
eff
7
[
(m2Bs+3m
2
K∗−q2)T2(q2)−
λ
m2Bs−m2K∗
T3(q
2)
]}
, (69)
At = 2Nℓ
√
NK∗
√
λ√
q2
C10A0(q
2). (70)
where the factors Nℓ and NK∗ are of the following form:
Nℓ =
iαemGF
4
√
2π
VtbV
∗
td, NK∗ =
8βℓ
√
λq2
3 · 256π3m3Bs
. (71)
with λ ≡ (m2Bs−m2K∗−q2)2−4m2K∗q2, βℓ =
√
1−4m2ℓ/q2 and mˆb = mb/q2.
Analogous to Ref. [69], one can write down three partially integrated decay distributions, inte-
grating all but one angle at a time. For the CP-conjugated process, we can do the similar operation
using the corresponding decay distributions.
16
(1) The θK∗ distribution :
d2Γ
dq2d cos θK∗
= aθK∗ (q
2) + cθK∗ (q
2) cos2 θK∗ ,
aθK∗ (q
2) =
3
8
(3Is1 − Is2) ,
cθK∗ (q
2) =
3
8
(3Ic1 − 3Is1 − Ic2 + Is2) . (72)
(2) The θℓ distribution :
d2Γ
dq2d cos θℓ
= aθℓ(q
2) + bθℓ(q
2) cos θℓ + cθℓ(q
2) cos2 θℓ ,
aθℓ(q
2) =
3
8
(Ic1 + 2I
s
1 − Ic2 − 2Is2) ,
bθℓ(q
2) =
3
4
(Is6) ,
cθℓ(q
2) =
3
4
(Ic2 + 2I
s
2) . (73)
(3) The φ distribution :
d2Γ
dq2dφ
= aφ(q
2) + ccφ(q
2) cos 2φ+ csφ(q
2) sin 2φ ,
aφ(q
2) =
1
8π
(3Ic1 + 6I
s
1 − Ic2 − 2Is2) ,
ccφ(q
2) =
1
2π
I3 ,
csφ(q
2) =
1
2π
I9 . (74)
From the full angular distributions as defined in Eq. (64), we set various coefficients apart
and combine them into diverse quantities normalized to the differential decay rate and other
observables[69]. Analogous observables are constructed for the CP-conjugated mode, after mak-
ing the replacements as shown in Eq. (65) and (66).
(1) The differential decay rate:
dΓ
dq2
=
1
4
(3Ic1 + 6I
s
1 − Ic2 − 2Is2) , (75)
(2) The lepton forward-backward asymmetry:
AFB(q2) = bθℓ(q
2)
dΓ/dq2
=
3Is6
3Ic1 + 6I
s
1 − Ic2 − 2Is2
, (76)
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(3) TheK∗ polarization fraction:
RL,T (q
2) =
dΓL/dq
2
dΓT/dq2
, (77)
where ΓL and ΓT represent the longitudinal and transverseK
∗ polarization decay rates,
dΓL
dq2
=
2
3
[
aθK∗ (q
2) + cθK∗ (q
2)
]
=
1
4
(3Ic1 − Ic2) , (78)
dΓT
dq2
=
4
3
aθK∗ (q
2) =
1
2
(3Is1 − Is2) . (79)
Alternatively, one can define the quantity FK
∗
L which is a measure of the longitudinally
polarized K∗’s in the whole ensemble of Bs → K∗ℓℓ decays, which is linked to RL,T (q2)
as:
FK
∗
L (q
2) =
RL,T (q
2)
1 +RL,T (q2)
=
1
4
· 3I
c
1 − Ic2
dΓ/dq2
=
3Ic1 − Ic2
3Ic1 + 6I
s
1 − Ic2 − 2Is2
, (80)
where FK
∗
L is a number obtained by integrating F
K∗
L (q
2) over the proper phase space.
(4) The direct CP asymmetry can also be defined in the same way as for Bs → Kl+l− decays:
ACP (q2) = dΓ(B¯s → K
∗l+l−)/dq2 − dΓ¯(Bs → K¯∗l+l−)/dq2
dΓ(B¯s → K∗l+l−)/dq2 + dΓ¯(Bs → K¯∗l+l−)/dq2 . (81)
The above observables are constructed from Eqs. (63,64) by integrating over the angles in
various ranges. These observables which have a form factor dependence in the leading order are
called form factor dependent (FFD) observables and generally plagued by the large uncertainties
of the form factors. To avoid this problem, a lot of works have been done to construct observables
which are theoretically clean in low-q2 region. Such observables are free from this dependence at
the leading order and are called form factor independent (FFI) observables. In this paper, we study
both kinds of observables.
As a necessary and sufficient condition, such FFI observable must be invariant under the sym-
metry transformations of the transverse amplitudes A’s; we then say that the observable respects
the symmetries of the angular distribution. Fortunately, there exists a systematic procedure to
construct all such possible observables as discussed in Ref. [68].
We start defining the following complex vectors [70],
n‖ =
(
AL‖
AR∗‖
)
, n⊥ =
(
AL⊥
−AR∗⊥
)
, n0 =
(
AL0
AR∗0
)
. (82)
With these vectors we can construct the products |ni|2 = n†ini and n†i nj ,
|n‖|2 =|AL‖ |2 + |AR‖ |2 =
2Is2 − I3
β2ℓ
, n†⊥ n‖ =A
L∗
⊥ A
L
‖ − AR⊥AR∗‖ =
βℓI
s
6 − 2iI9
2β2ℓ
, (83)
|n⊥|2 =|AL⊥|2 + |AR⊥|2 =
2Is2 + I3
β2ℓ
, n†0 n‖ =A
L∗
0 A
L
‖ + A
R
0 A
R∗
‖ =
2I4 − iβℓI7√
2β2ℓ
, (84)
|n0|2 =|AL0 |2 + |AR0 |2 = −
Ic2
β2ℓ
, n†0 n⊥ =A
L∗
0 A
L
⊥ − AR0AR∗⊥ =
βℓI5 − 2iI8√
2β2ℓ
. (85)
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We examine the following (clean) FFI observables[68]:
P1 =
|n⊥|2 − |n‖|2
|n⊥|2 + |n‖|2 =
I3
2Is2
, P2 =
Re(n†⊥ n‖)
|n‖|2 + |n⊥|2 = βℓ
Is6
8Is2
, (86)
P3 =
Im(n†⊥ n‖)
|n‖|2 + |n⊥|2 = −
I9
4Is2
, P4 =
Re(n†0 n‖)√|n‖|2|n0|2 =
√
2I4√−Ic2(2Is2 − I3) , (87)
P5 =
Re(n†0 n⊥)√|n⊥|2|n0|2 =
βℓI5√−2Ic2(2Is2 + I3) , (88)
P6 =
Im(n†0 n‖)√|n‖|2|n0|2 = −
βℓI7√−2Ic2(2Is2 − I3) , (89)
P8 =
Im(n†0 n⊥)√|n⊥|2|n0|2 = −
√
2I8√−Ic2(2Is2 + I3) , (90)
The primed observables are also defined in the following form [29]:
P ′4 ≡ P4
√
1− P1 = I4√−Ic2Is2 , P ′5 ≡ P5
√
1 + P1 =
βℓI5
2
√−Ic2Is2 , (91)
P ′6 ≡ P6
√
1− P1 = − βℓI7
2
√−Ic2Is2 , P ′8 ≡ P8
√
1 + P1 = − I8√−Ic2Is2 . (92)
These primed observables P ′4,5,6,8 are clean and good approximations to P4,5,6,8 due to the fact
that P1 ≃ 0 in the SM. From the experimental perspective, fitting the primed observables will be
simpler and more efficient despite the whole analysis can be performed directly in terms of the
observables P4,5,6,8.
Since the most observables are written in terms of the ratios, Oℓi(q
2) = N ℓi (q2)/Dℓi(q2) withN
and D being generically a numerator and a denominator, the integrated quantities are then defined
as in Ref. [69]:
〈Oℓi〉 =
∫ q2max
4m2
ℓ
N ℓi (q2) dq2∫ q2max
4m2
ℓ
Dℓi (q2) dq2
. (93)
We also check the physical observables ReµK,K∗ and R
µτ
K,K∗, as defined in Eqs. (3,4), since the
theoretical uncertainties are largely canceled in the ratio of the branching ratios ofBs → K(∗)ℓ+ℓ−
decays.
In the region q2 < 4m2µ, where only the e
+e− modes are allowed, there is a large enhancement
of Bs → K∗e+e− due to the 1/q2 scaling of the photon penguin contribution [71]. In order to
remove the phase space effects in the ratio ReµK∗ and keep consistent with other analysis [72], we
here also use the lower cut of 4m2µ for both the electron and muon modes in the definition of the
ratio ReµK∗ as in Ref. [72]:
ReµK∗ =
∫ q2max
4m2µ
dq2 dB(Bs→K
∗µ+µ−)
dq2∫ q2max
4m2µ
dq2 dB(Bs→K
∗e+e−)
dq2
. (94)
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V. NUMERICAL RESULTS AND DISCUSSIONS
In the numerical calculations we use the following input parameters (here masses and decay
constants are in units of GeV) [30, 31]:
Λf=4
MS
= 0.250, τB0s = 1.509ps, mb = 4.8, mW = 80.38,
mK = 0.498, mK∗ = 0.892, mBs = 5.367, mτ = 1.777,
fBs = 0.23, fK = 0.16, fK∗ = 0.217, f
T
K∗ = 0.185, (95)
For the CKM matrix elements and angles, we use the values as given in PDG 2018 [30]:
Vtb = 1.019± 0.025, Vud = 0.97420± 0.00021,
Vtd = |Vtd| · e−iβ, |Vtd| = (8.1± 0.5)× 10−3, sin(2β) = 0.691± 0.017,
Vub = |Vub| · e−iγ, |Vub| = (3.94± 0.36)× 10−3, γ = (73.5+4.2−5.1)◦. (96)
A. The form factors
For the considered semileptonic decays, the differential decay rates and other physical observ-
ables strongly rely on the value and the shape of the relevant form factors F0,+(q
2) and FT (q
2) for
Bs → Kℓ+ℓ− decays, and the form factors V (q2), A0,1,2(q2) and T1,2,3(q2) for Bs → K∗ℓ+ℓ− de-
cays. These form factors have been calculated in rather different theories or models, such as the rel-
ativistic quark model (RQM) [73], the light cone sum rule (LCSR) [28, 74] and the covariant con-
fined quark model (CCQM)[75]. For the heavy B/Bs to light meson (such as K, π, η
′, ρ,K∗, etc)
transitions, on the other hand, the relevant form factors at the low q2 region have been evaluated
successfully by employing the PQCD factorization approach for example in Refs. [26, 27, 33–
35, 41, 42, 76].
Since the PQCD predictions for the considered form factors are reliable only at the low q2
region, we usually calculate explicitly the values of the relevant form factors at the low q2 region,
say 0 ≤ q2 ≤ m2τ , and then make an extrapolation for all relevant form factors from the low q2
region to the large q2 region by using the pole model parametrization[77, 78] or other different
methods.
In Refs. [79–81], we developed a new method: the so-called “PQCD+Lattice” approach. Here
we still use the PQCD approach to evaluate the form factors at the low q2 region, but take those
currently available lattice QCD results for the relevant form factors at the high q2 region as the
lattice QCD input to improve the extrapolation of the form factors up to q2max. In Refs. [80, 81],
we used the Bourrely-Caprini-Lellouch (BCL) parametrization method [36, 37] instead of the
traditional pole model parametrization since the BCL method has better convergence.
In Table IV and V, we list the values of the lattice QCD results for the relevant Bs → K∗
transition form factors at three reference points of q2 [82, 83] used in this paper. The systematic
uncertainties are included.
In this work, we will use both the PQCD factorization approach and the “PQCD+Lattice”
approach to evaluate all relevant form factors over the whole range of q2.
(1) In the PQCD approach, we use the definitions and formulae as given in Eqs.(38-42,44-50 ) to
calculate the values of all relevant form factors F0,+,T (q
2), V (q2) , A0,1,2(q
2) and T1,2,3(q
2)
in the low q2 region: 0 ≤ q2 ≤ m2τ . We then make the extrapolation for these form factors
to the large q2 region up to q2max by using proper parametrization method.
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TABLE IV. The values for the lattice QCD results of the relevant Bs → K transition form factors at three
reference points of q2: q2 = 17.9, 21.2 GeV2 and q2max = (mBs −mK)2 ≈ 23.8GeV2 [82].
FF
q2 point
17.9 21.2 23.8
F0(q
2) 0.48(5) 0.63(5) 0.80(5)
F+(q
2) 0.98(7) 1.64(10) 2.76(16)
TABLE V. The values for the lattice QCD results of the relevant Bs → K∗ transition form factors at three
reference points of q2: q2 = 12, 16 GeV2 and q2max = (mBs −mK∗)2 ≈ 20 GeV2 [83].
q2 V (q2) A0(q
2) A1(q
2) A2(q
2) T1(q
2) T2(q
2) T3(q
2)
12 0.56(9) 0.84(9) 0.37(3) 0.46(3) 0.61(4) 0.39(3) 0.43(4)
16 1.02(8) 1.33(8) 0.45(3) 0.60(5) 0.90(6) 0.47(3) 0.67(5)
20 1.99(13) 2.38(16) 0.58(3) 0.85(12) 1.48(10) 0.60(3) 1.10(7)
(2) In the “PQCD+Lattice ” approach, we take the lattice QCD results for the form factors at
some large q2 points as inputs and then make a combined fit to the PQCD and the lattice
QCD results at the low and high q2 region.
(3) For both approaches, we always use the same z-series parametrization as in Refs. [29, 74]
to make the extrapolation :
z(q2) =
√
t+ − q2 −√t+ − t0√
t+ − q2 +√t+ − t0
(97)
where, t± = (mBs±mK(∗))2 and t0 = t+(1−
√
1− t−/t+). Form factors are parameterized
as:
Fi(q
2) = Pi(q
2)Σkα
i
k
[
z(q2)− z(0)]k . (98)
where Pi(q
2) = (1 − q2/m2R,i)−1 is a simple pole corresponding to the d¯b-resonance with
appropriate JP in the spectrum and mR,i is the resonance mass: mR → ∞ for F0(q2) (no
pole), 5.279 GeV for A0(q
2) couple to B(0−), 5.325 GeV for F+,T (q2), V (q2) and T1(q2)
couple to B∗(1−), and 5.724 GeV for rest of the form factors couple to B1(1+).
In Table VI, as a comparison, we show the centre values of all relevant form factors in this work
and other theoretical predictions as given in Refs. [26, 28, 44, 73, 84–89] at the scale q2 = 0. The
PQCD factorization approach is applied in Refs. [44, 86] and in Ref. [26] with the inclusion of
the NLO corrections. Covariant confined quark model (CCQM) is used in Ref. [75]. Calculations
based on Light-cone sum rules (LCSR) in Ref. [28, 74] with hadronic input parameters and in
Ref. [84] with the inclusion of the one-loop radiative corrections. In Ref. [73], the authors used
the relativistic quark model based on the quasi-potential approach. In Ref. [85], the authors used
the quark model and relativistic dispersion approach. In Ref. [87], the light-cone quark model
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(LCQM) is utilized based on the basis of the soft collinear effective theory. The authors of Ref. [88]
employed the LCSR in the framework of the heavy quark effective theory. In Ref. [89], the authors
evaluated the transition form factors in the six-quark effective Hamiltonian approach. One can
see that there is no significant difference between the theoretical predictions for the Bs → K(∗)
transition form factors evaluated at q2 = 0 in various models or approaches.
TABLEVI. The theoretical predictions for the centre values of the form factors of theBs → K(∗) transitions
at q2 = 0 obtained by using rather different theories or models.
F0,+(0) FT (0) V (0) A0(0) A1(0) A2(0) T1,2(0) T3(0)
This paper 0.22 0.22 0.24 0.21 0.19 0.19 0.21 0.16
PQCD[26] 0.26 0.28 − − − − − −
PQCD[86] − − 0.20 0.24 0.15 0.11 0.18 0.16
PQCD[44] 0.24 − 0.21 0.25 0.16 − − −
CCQM[75] − − 0.24 0.18 0.21 0.21 0.21 0.14
LCSR[28] 0.336 0.320 − − − − − −
LCSR[74] − − 0.296 0.314 0.230 − 0.239 −
LCSR[84] 0.30 − 0.311 0.360 0.233 0.181 0.260 0.136
RQM[73] 0.284 0.236 0.291 0.289 0.287 0.286 0.238 0.122
RDA[85] 0.31 0.31 0.38 0.37 0.29 0.26 0.32 0.23
SCET[87] 0.290 0.317 0.323 0.279 0.232 0.210 0.271 0.165
HQEFT[88] 0.296 0.288 0.285 0.222 0.227 0.183 0.251 0.169
SQEH[89] 0.260 − 0.227 0.280 0.178 − − −
In Table VII, we list the PQCD predictions for the form factors F+,0,T (q
2),V (q2),A0,1,2(q
2) and
T1,2,3(q
2) with the corresponding pole and resonance masses, the fitting parametrization constants
(α0, α1, α2) in Eq. (98) forBs → K(∗) transitions. It is simple to figure out the relation Fi(0) = αi0
by substituting q2 with zero on the both sides of Eq. (98). The theoretical errors of the form
factors as shown in Table VII are the two major errors from the uncertainties of the parameter
ωBs = 0.50 ± 0.05 GeV and the Gegenbauer moments in the distribution amplitudes aKi (aK∗i ) of
the light pseudoscalar (vector) mesons. The additional theoretical uncertainties from other input
parameters, such as the decay constants fBs, fK , fK∗, f
T
K∗, are very small and have been neglected.
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FIG. 3. The q2-dependence of the form factors F+,0,T (q
2) in the PQCD (red) and “PQCD+Lattice”
(blue) approaches for Bs → K transition, while the red (blue) shaded band shows the major theoretical
uncertainty.
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TABLE VII. The PQCD predictions for the form factors of Bs → K(∗) transitions. Form factors
F+,0,T (q
2),V (q2),A0,1,2(q
2) and T1,2,3(q
2) are fitted by using Eq. (98).
PQCD B(JP ) α0 α1 α2
FBs→K+ B∗(1−) 0.22
+0.04
−0.06(ωBs)± 0.005(aKi ) −1.21+0.36−0.23 ± 0.02 0.06+1.74−1.09 ± 0.14
FBs→K0 nopole 0.22
+0.04
−0.06(ωBs)± 0.005(aKi ) −1.31+0.40−0.24 ± 0.03 −0.22+1.73−1.11 ± 0.13
FBs→KT B
∗(1−) 0.22+0.04−0.06(ωBs)± 0.005(aKi ) −1.37+0.40−0.29 ± 0.03 7.05+1.85−1.08 ± 0.15
V Bs→K∗ B∗(1−) 0.24+0.05−0.04(ωBs)± 0.005(aK
∗
i ) −1.87+0.31−0.42 ± 0.03 7.56+1.22−1.41 ± 0.13
ABs→K
∗
0 B
0(0−) 0.21+0.04−0.03(ωBs)± 0.003(aK
∗
i ) −1.43+0.25−0.29 ± 0.02 8.28+1.38−1.03 ± 0.11
ABs→K
∗
1 B1(1
+) 0.19+0.04−0.03(ωBs)± 0.003(aK
∗
i ) −0.64+0.13−0.14 ± 0.01 0.35+1.04−1.02 ± 0.10
ABs→K
∗
2 B1(1
+) 0.19+0.04−0.03(ωBs)± 0.003(aK
∗
i ) −1.42+0.28−0.31 ± 0.03 2.77+1.68−1.07 ± 0.12
TBs→K
∗
1 B
∗(1−) 0.21+0.04−0.03(ωBs)± 0.003(aK
∗
i ) −1.52+0.24−0.34 ± 0.03 9.10+1.35−1.46 ± 0.13
TBs→K
∗
2 B1(1
+) 0.21+0.04−0.03(ωBs)± 0.003(aK
∗
i ) −0.44+0.13−0.08 ± 0.01 4.38+1.33−1.93 ± 0.16
TBs→K
∗
3 B1(1
+) 0.16+0.03−0.02(ωBs)± 0.002(aK
∗
i ) −0.99+0.19−0.27 ± 0.02 8.12+1.04−1.81 ± 0.11
TABLE VIII. The “PQCD+Lattice” predictions for the form factors of Bs → K(∗) transitions. All form
factors are fitted by using Eq. (98).
PQCD+Lattice B(JP ) α0 α1 α2
FBs→K+ B∗(1−) 0.22
+0.04
−0.06(ωBs)± 0.005(aKi ) −0.89+0.23−0.36 ± 0.02 −0.44+0.37−0.44 ± 0.03
FBs→K0 nopole 0.22
+0.04
−0.06(ωBs)± 0.005(aKi ) −0.50+0.08−0.15 ± 0.01 5.07+0.27−0.31 ± 0.02
V Bs→K∗ B∗(1−) 0.24+0.05−0.03(ωBs)± 0.005(aK
∗
i ) −0.13+0.11−0.07 ± 0.01 10.14+0.47−0.49 ± 0.04
ABs→K
∗
0 B
0(0−) 0.21+0.03−0.03(ωBs)± 0.003(aK
∗
i ) −3.38+0.17−0.15 ± 0.02 −4.13+0.43−0.49 ± 0.04
ABs→K
∗
1 B1(1
+) 0.19+0.04−0.03(ωBs)± 0.004(aK
∗
i ) −0.65+0.27−0.15 ± 0.02 −2.66+0.43−0.32 ± 0.03
ABs→K
∗
2 B1(1
+) 0.19+0.04−0.03(ωBs)± 0.004(aK
∗
i ) −1.35+0.58−0.55 ± 0.04 −3.12+1.96−1.43 ± 0.15
TBs→K
∗
1 B
∗(1−) 0.21+0.04−0.03(ωBs)± 0.003(aK
∗
i ) −1.85+0.30−0.19 ± 0.02 −3.23+1.26−1.32 ± 0.12
TBs→K
∗
2 B1(1
+) 0.21+0.04−0.03(ωBs)± 0.003(aK
∗
i ) −0.65+0.29−0.16 ± 0.02 −2.85+0.73−0.55 ± 0.05
TBs→K
∗
3 B1(1
+) 0.16+0.03−0.02(ωBs)± 0.002(aK
∗
i ) −1.00+0.19−0.15 ± 0.02 2.82+1.26−1.08 ± 0.09
In Table VIII, we list the “PQCD+Lattice” predictions for the form factors F+,0(q
2), V (q2),
A0,1,2(q
2) and T1,2,3(q
2) by taking into account the lattice QCD results for the form factors at some
points of q2 as listed in Table IV and V from Refs. [82, 83], in a similar way as what we did in
Refs.[79–81]. The errors are obtained in the same way as those in Table VII. The additional form
factorsA12(q
2) and T23(q
2) can be defined as the linear combinations ofA1(q
2) andA2(q
2), T2(q
2)
and T3(q
2), together with kinematic variable λ as given in Eqs. (10,11) from Ref. [83]. In Figs. 3
and 4, we show the q2-dependence of the form factors F+,0,T (q
2), V (q2), A0,1,2(q
2) and T1,2,3(q
2)
in the PQCD (the red curves) and “PQCD+Lattice (the blue curves) approaches for Bs → K(∗)
transitions. The error bars of the initial PQCD and relevant lattice QCD results as listed in Table
IV and V are blackened, in order to show them clearly.
B. Observables for Bs → Kℓ+ℓ−
From the differential decay rates as given in Eq. (58), it is conventional to make the integration
over the range of 4m2ℓ ≤ q2 ≤ (mBs − mK)2. In order to be consistent with the choices made
by experiment collaborations in their data analysis, however, we have to cut off the regions of
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FIG. 4. The q2-dependence of the form factors V (q2),A0,1,2(q
2) and T1,2,3(q
2) in the PQCD (red) and
“PQCD+Lattice” (blue) approaches for Bs → K∗ transition, while the red (blue) shaded band shows the
major theoretical uncertainty.
dilepton-mass squared around the charmonium resonances J/ψ(1S) and ψ(2S): i.e., 8.0< q2 <
11.0GeV 2 and 12.5<q2< 15.0GeV 2 for ℓ = (e, µ, τ) cases. The PQCD and “ PQCD+Lattice”
predictions for the branching ratios (Br) and the longitudinal polarization asymmetry PL of the
semileptonic decays B¯s → Kℓ+ℓ− and Bs → K¯ℓ+ℓ− at three different renormalization scales
µ = (0.5mb, mb, 1.5mb) are listed in Table IX and X respectively, where the total theoretical errors
are the combinations of the uncertainties of all relevant input parameters: ωBs , a
K
i and Vij . The
24
direct CP-asymmetriesACP are obtained by making integration over q2 forACP (q2) as defined in
Eqs. (62,81) and are also listed in these two tables. To reduce the large theoretical uncertainties,
we also check the physical observables ReµK and R
µτ
K , as defined in Eqs. (3,4), i.e., the ratio of the
branching ratios of Bs → Kℓ+ℓ− decays. As a comparison, the previous PQCD predictions as
given in Ref. [26] for the decay rates and the ratios ReµK and R
µτ
K are listed in last column of Table
IX and X.
In order to show the major theoretical uncertainties from different sources explicitly, for in-
stance, we show the PQCD predictions for B(B¯s → Kµ+µ−) with the four kinds of errors:
B(B¯s → Kµ+µ−) = (1.24+0.69−0.58(ωBs)± 0.15(aKi )± 0.06(Vij)+0.01−0.07(µ))× 10−8, (99)
where the dominant theoretical error comes from ωBs = 0.50 ± 0.05, the second one from the
Gegenbauer moments aK1 = 0.06 ± 0.03 and aK2 = 0.25 ± 0.15 as given in Eq. (17), the third
one from the CKM elements Vij in Eq. (96) and the last error from the renormalization scale
µ = (1 ± 0.5)mb. The possible errors from other input parameters are very small and have been
neglected.
TABLE IX. The PQCD predictions for the branching ratios (in unit of 10−8), the longitudinal polarization
asymmetry PL and the ratios (R
eµ
K , R
µτ
K ) of the decays B¯s → Kℓ+ℓ− (the first row) and Bs → K¯ℓ+ℓ−
(the second row) at three different renormalization scales. The direct CP asymmetries ACP (in unit of 10−2
) are also listed.
Mode Obs. µ = 0.5mb µ = mb µ = 1.5mb PQCD[26]
ℓ = e B(B¯s → Kℓ+ℓ−) 1.17+0.68−0.56 1.24+0.70−0.60 1.26+0.71−0.61 1.63+0.73−0.58
B(Bs → K¯ℓ+ℓ−) 1.21+0.68−0.59 1.32+0.73−0.64 1.63+0.74−0.66 −
PL(B¯s → Kℓ+ℓ−) −0.986 ± 0.002 −0.979 ± 0.002 −0.972 ± 0.002 −
PL(Bs → K¯ℓ+ℓ−) −0.980 ± 0.002 −0.954 ± 0.008 −0.937 ± 0.004 −
ACP −1.7± 0.9 −3.1 ± 0.4 −3.8± 0.6 −
ℓ = µ B 1.17+0.68−0.56 1.24+0.71−0.60 1.25+0.71−0.61 1.63+0.73−0.58
1.21+0.68−0.69 1.32
+0.73
−0.64 1.35
+0.74
−0.66 −
PL −0.974 ± 0.002 −0.966 ± 0.002 −0.959 ± 0.002 −
−0.964 ± 0.003 −0.938 ± 0.005 −0.920 ± 0.004 −
ACP −1.7± 0.9 −3.1 ± 0.4 −3.8± 0.6 −
ℓ = τ B 0.380+0.202−0.157 0.382+0.204−0.158 0.377+0.203−0.156 0.43+0.18−0.15
0.382+0.202−0.158 0.386
+0.206
−0.159 0.382
+0.204
−0.158 −
PL −0.347 ± 0.002 −0.348 ± 0.002 −0.346 ± 0.002 −
−0.348 ± 0.002 −0.349 ± 0.002 −0.348 ± 0.001 −
ACP −0.3± 0.2 −0.5 ± 0.2 −0.7± 0.2 −
ReµK 0.996 ± 0.002 0.996 ± 0.002 0.996 ± 0.002 1
0.996 ± 0.002 0.996 ± 0.002 0.996 ± 0.002 −
RµτK 0.332 ± 0.045 0.325 ± 0.045 0.322 ± 0.045 0.26
0.320 ± 0.046 0.303 ± 0.046 0.296 ± 0.046 −
From Table IX and X , it is easy to find the CP-averaged decay rates and the direct CP-
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TABLE X. The “PQCD+Lattice” predictions for the branching ratios (in unit of 10−8), the longitudinal
polarization asymmetry PL and the direct CP asymmetry ACP (in unit of 10−2 ), as well as the ratios
(ReµK , R
µτ
K ) of the decays B¯s → Kℓ+ℓ− (the first row) and Bs → K¯ℓ+ℓ− (the second row) at three
different renormalization scales.
Mode Obs. µ = 0.5mb µ = mb µ = 1.5mb PQCD[26]
ℓ = e B(B¯s → Kℓ+ℓ−) 0.95+0.26−0.31 1.01+0.29−0.33 1.03+0.28−0.35 1.63+0.73−0.58
B(Bs → K¯ℓ+ℓ−) 0.99+0.27−0.33 1.10+0.31−0.38 1.14+0.32−0.40 −
PL(B¯s → Kℓ+ℓ−) −0.983 ± 0.007 −0.975 ± 0..005 −0.967 ± 0.006 −
PL(Bs → K¯ℓ+ℓ−) −0.977 ± 0.008 −0.949 ± 0.013 −0.930 ± 0.010 −
ACP −2.0± 0.5 −4.3 ± 1.4 −5.0± 0.8 −
ℓ = µ B 0.95+0.25−0.31 1.01+0.27−0.33 1.03+0.28−0.34 1.63+0.73−0.58
0.99+0.27−0.33 1.10
+0.31
−0.38 1.13
+0.32
−0.40 −
PL −0.968 ± 0.008 −0.960 ± 0.007 −0.953 ± 0.008 −
−0.958 ± 0.009 −0.929 ± 0.012 −0.911 ± 0.014 −
ACP −2.0± 0.5 −4.3 ± 1.4 −5.1± 0.8 −
ℓ = τ B 0.365+0.072−0.075 0.368
+0.072
−0.076 0.365
+0.072
−0.075 0.43
+0.18
−0.15
0.366+0.072−0.075 0.370
+0.073
−0.076 0.368
+0.073
−0.076 −
PL −0.234 ± 0.020 −0.235 ± 0.018 −0.233 ± 0.019 −
−0.234 ± 0.020 −0.237 ± 0.019 −0.236 ± 0.019 −
ACP −0.1± 0.1 −0.3 ± 0.1 −0.4± 0.1 −
ReµK 0.996 ± 0.002 0.996 ± 0.002 0.996 ± 0.002 1
0.996 ± 0.002 0.996 ± 0.002 0.996 ± 0.002 −
RµτK 0.395 ± 0.081 0.384 ± 0.080 0.381 ± 0.080 0.26
0.375 ± 0.084 0.350 ± 0.085 0.341 ± 0.085 −
asymmetries ACP for the considered semileptonic decays:
B(B¯s → Kl+l−)|CP−av. =
{
(1.28+0.52−0.48)× 10−8, PQCD,
(1.06+0.22−0.29)× 10−8, PQCD + Lattice, , (100)
ACP (B¯s → Kl+l−) =
{ −(3.1+0.8−1.5)× 10−2, PQCD,
−(4.3+1.6−2.7)× 10−2, PQCD + Lattice, (101)
for the case of l = (e, µ), and
B(B¯s → Kτ+τ−)|CP−av. =
{
(0.38+0.14−0.12)× 10−8, PQCD,
(0.37+0.05−0.06)× 10−8, PQCD + Lattice, (102)
ACP (B¯s → Kτ+τ−) =
{ −(0.5 ± 0.3)× 10−2, PQCD,
−(0.3 ± 0.2)× 10−2, PQCD + Lattice, (103)
for the case of τ lepton.
In Fig. 5, we show the q2-dependence of the theoretical predictions of the differential branching
fraction dB/dq2 and the longitudinal lepton polarization PL(q2) for the decays B¯s → Kℓ+ℓ− with
l = (µ, τ), evaluated by using the PQCD (the red solid curves ) and the “ PQCD+Lattice” (the
blue dashed curves) approach, with the choice of the scale µ = mb and q
2
max = 23.71 GeV
2.
The shaded bands indicate the theoretical error of our predictions due to the uncertainties of the
input parameters. The two vertical grey blocks are the experimental veto regions [1] in order to
26
PQCD
PQCD+Lattice
0 5 10 15 20 25
0
1
2
3
4
5
q2(GeV2)
d
B
/


2
(1
0
-
9
)
Bs→Kμ
+μ-
Lattice
0 5 10 15 20 25
0
1
2
3
4
5
q2(GeV2)

B
/

2
(1
0
-
ff
)
Bs K
+ -
PQCD
PQCD+Lattice
0 5 10 15 20 25
-1.0
-0fifl
-ffi 
-!"#
-0.2
0.0
q2(GeV2)
P
L
(q
2
) Bs→Kμ
+μ-
PQCD
PQCD+Lattice
0 5 10 15 20 25
-1.0
-$%&
-'()
-*+,
-0.2
0.0
q2(GeV2)
P
L
(q
2
)
Bs→Kτ
+
τ
-
FIG. 5. The PQCD or “PQCD+Lattice” predictions for the q2-dependence of dB/dq2 and PL(q2) for the
decays B¯s → Kℓ+ℓ− with l = µ, τ . For details see the text.
remove contributions from B¯s → J/ψ(1S)(→ ℓ+ℓ−)K ( the left-hand band) and B¯s → ψ′(2S)(→
ℓ+ℓ−)K (the right-hand band) for the q2-dependence of dB/dq2 and PL. The figure for the electron
mode is almost identical with the one for muon, and therefore not be shown here.
From the numerical results as listed in Table IX and X , one can see the following points:
(1) The theoretical predictions from both PQCD and “ PQCD+Lattice” approaches have a rela-
tively weak dependence on the choice of the renormalization scale µ. The variations of the
central values due to the µ-dependence are about 10% in magnitude and smaller than the
combined errors from the uncertainties of other input parameters.
(2) Due to the term proportional to λu in the effective HamiltonianHeff in Eq. (25), the PQCD
and “PQCD+Lattice” predictions for the considered observables for B¯s → Kl+l− and its
CP conjugated mode have a relatively small differences, roughly (5 − 15)% in magnitude.
For the CP-averaged branching ratios, the PQCD and “PQCD+Lattice” predictions agree
well within one-standard deviation. As generally expected, the direct CP asymmetriesACP
are very small: less than 5%.
(3) For the ratio ReµK , we find R
eµ
K = 0.996(2) in both the PQCD and “PQCD+Lattice” ap-
proaches. For the ratio RµτK , the PQCD prediction is about 0.33 and a little smaller than the
“PQCD+Lattice” prediction RµτK ≈ 0.39, and they also show a weak µ-dependence: less
than 9% in magnitude for 0.5mb ≤ µ ≤ 1.5mb. .
(4) For the case of l− = (e−, µ−), the PQCD and “PQCD+Lattice ” predictions for the values
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of PL are very similar and close to −1 in value. For the τ− lepton, however, the PQCD and
“PQCD+Lattice ” predictions for PL show a moderate difference: −0.35 against −0.24.
C. Observables for Bs → K∗ℓ+ℓ−
TABLE XI. The PQCD and “PQCD+Lattice” predictions for the branching ratios (in unit of 10−8) of the
semileptonic decays Bs → K∗ℓ+ℓ− , the lepton forward-backward asymmetry AFB, the K∗ polarization
fraction FK
∗
L , the direct CP asymmetryACP (in unit of 10−2), and the ratiosReµK∗ andRµτK∗ . The theoretical
errors from the input parameters are combined in quadrature.
Mode Obs. PQCD PQCD+Lattice
B¯s → K∗ℓ+ℓ− Bs → K¯∗ℓ+ℓ− B¯s → K∗ℓ+ℓ− Bs → K¯∗ℓ+ℓ−
ℓ = e B 3.74+1.38−1.16 3.68+1.33−1.14 3.00+0.91−0.76 2.99+0.94−0.78
AFB −0.244(9) −0.235(17) −0.183(10) −0.176(10)
FK
∗
L 0.373(2) 0.393(5) 0.408(7) 0.432(9)
ACP 0.8 ± 0.3 0.2± 0.4
ℓ = µ B 3.20+1.26−1.00 3.14+1.19−0.98 2.48+0.67−0.59 2.47+0.70−0.61
AFB −0.285(17) −0.275(14) −0.222(6) −0.214(6)
FK
∗
L 0.434(12) 0.457(16) 0.494(16) 0.522(18)
ACP 1.0 ± 0.5 0.2± 0.5
ℓ = τ B 0.71+0.35−0.21 0.72+0.36−0.21 0.49 ± 0.09 0.50 ± 0.09
AFB −0.235(33) −0.232(33) −0.196(5) −0.194(5)
FK
∗
L 0.420(13) 0.418(13) 0.480(5) 0.478(5)
ACP −0.7± 0.3 −1.0± 0.2
ReµK∗ 0.993(2) 0.993(2) 0.992(2) 0.992(2)
RµτK∗ 0.227(30) 0.238(35) 0.205(20) 0.211(22)
Analogous to the cases of Bs → Kℓ+ℓ− decays, we follow the same procedure to calculate
the physical observables of Bs → K∗ℓ+ℓ− by using the PQCD and “PQCD+Lattice” approaches,
respectively. For Bs → K∗ℓ+ℓ− decays, however, much more physical observables are defined
and studied.
In Table XI we listed the PQCD and “ PQCD+Lattice” predictions for the branching ratios
B(B¯s → K∗ℓ+ℓ−) and B(Bs → K¯∗ℓ+ℓ−) with l = (e, µ, τ) , the lepton forward-backward
asymmetries AFB, the longitudinal polarization asymmetries FK∗L of the leptons, the direct CP
asymmetries ACP , and the ratios of the branching ratios ReµK∗ and RµτK∗ with the choice of the
scale µ = mb. In numerical calculations, we here use the mean value of decay rate ΓB0s =
1.509 × 1012s−1 [30]. For the branching ratios, the extra error from the S-wave pollution up to
10% should be added additionally [32]. In Table XII we listed the PQCD and “ PQCD+Lattice”
predictions for the values of those angular observables Pi (i = 1, 2, 3) and P
′
j (j = 4, 5, 6, 8) in
l = (e, µ, τ) mode. The total errors of all theoretical predictions in Table XI and XII are estimated
in the same way as that for the case of B¯s → Kl+l− decays.
From Table XI, it is easy to find the CP-averaged branching ratio B(B¯s → K∗l+l−) for l =
(e, µ, τ):
B(B¯s → K∗e+e−)|CP−av. =
{
(3.71+0.98−0.82 ± 0.37)× 10−8, PQCD,
(3.00+0.66−0.55 ± 0.30)× 10−8, PQCD + Lattice, (104)
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TABLE XII. The PQCD and “PQCD+Lattice” predictions for the angular observables Pi (i = 1, 2, 3) and
P ′j (j = 4, 5, 6, 8) of the decays B¯s → K∗ℓ+ℓ− (the first row) and Bs → K¯∗ℓ+ℓ− (the second row). The
total uncertainties of the input parameters are combined in quadrature.
Obs. e mode µ mode τ mode
PQCD PQCD+Lat. PQCD PQCD+Lat. PQCD PQCD+Lat.
−P1 0.34 ± 0.12 0.37 ± 0.05 0.44 ± 0.12 0.52 ± 0.04 0.62 ± 0.12 0.68 ± 0.02
0.33 ± 0.11 0.36 ± 0.05 0.44 ± 0.12 0.52 ± 0.04 0.62 ± 0.12 0.68 ± 0.02
−P2 0.27 ± 0.01 0.21 ± 0.01 0.34 ± 0.03 0.30 ± 0.01 0.36 ± 0.05 0.35 ± 0.01
0.26 ± 0.01 0.21 ± 0.01 0.35 ± 0.03 0.31 ± 0.01 0.36 ± 0.05 0.35 ± 0.01
−P3 × 103 0.17 ± 1.17 0.34 ± 0.21 0.19 ± 1.43 0.45 ± 0.29 0.35 ± 0.99 0.91 ± 0.13
1.27 ± 0.99 2.84 ± 0.51 1.68 ± 1.15 4.11 ± 0.52 0.38 ± 1.08 0.98 ± 0.14
P ′4 1.06 ± 0.07 1.06 ± 0.04 1.10 ± 0.07 1.11 ± 0.03 1.27 ± 0.05 1.29 ± 0.01
1.00 ± 0.01 0.99 ± 0.04 1.07 ± 0.07 1.07 ± 0.03 1.27 ± 0.05 1.29 ± 0.01
−P ′5 0.57 ± 0.06 0.48 ± 0.02 0.61 ± 0.07 0.52 ± 0.02 0.58 ± 0.10 0.54 ± 0.01
0.57 ± 0.05 0.48 ± 0.02 0.61 ± 0.06 0.53 ± 0.02 0.57 ± 0.10 0.54 ± 0.01
−P ′6×103 0.76 ± 0.15 0.96 ± 0.09 0.68 ± 0.13 0.87 ± 0.08 0.11 ± 0.03 0.12 ± 0.01
0.77 ± 0.14 0.96 ± 0.08 0.70 ± 0.13 0.87 ± 0.07 0.11 ± 0.02 0.12 ± 0.01
−P ′8×102 0.61 ± 0.06 0.67 ± 0.07 −0.36 ± 0.27 −0.57 ± 0.26 0.27 ± 0.07 0.37 ± 0.03
1.33 ± 0.09 1.70 ± 0.06 2.20 ± 0.27 2.83 ± 0.26 0.30 ± 0.07 0.39 ± 0.03
B(B¯s → K∗µ+µ−)|CP−av. =
{
(3.17+0.89−0.71 ± 0.32)× 10−8, PQCD,
(2.48+0.50−0.43 ± 0.25)× 10−8, PQCD + Lattice, (105)
B(B¯s → K∗τ+τ−)|CP−av. =
{
(0.72+0.25−0.17 ± 0.07)× 10−8, PQCD,
(0.50± 0.06± 0.05)× 10−8, PQCD + Lattice. (106)
where the second errors come from the 10% S-wave pollution as estimated in Ref. [32].
In Fig. 6, we show the PQCD and the “PQCD+Lattice” predictions of q2-dependence of the
differential decay rate dB/dq2, the forward-backward asymmetry AFB(q2), the longitudinal po-
larization FK
∗
L (q
2) for Bs → K∗ℓ+ℓ− decays with ℓ = (µ, τ), q2max = 20.02 GeV2 and the renor-
malization scale µ = mb. The red (blue) lines (dashed lines) correspond to the predictions obtained
using the PQCD (“PQCD+Lattice”) approach, while the shaded narrow bands (red and blue) indi-
cate the uncertainty of our predictions due to the variations of the input parameters. For the cases
of the decays Bs → K∗µ+µ−, the two vertical grey blocks show the experimental veto regions
[1] in order to remove the contributions from the resonance J/ψ(1S) (left-hand band) and ψ′(2S)
(right-hand band) to the form factor dependent(FFD) observables. For the case of the decay
Bs → K∗τ+τ−, on the other hand, there is one vertical grey block which shows the experimental
veto region [1] for the resonance ψ′(2S) only.
In Fig. 7 and 8, we show the q2-dependence of the angular observables Pi (i = 1, 2, 3) and
P ′j (j = 4, 5, 6, 8) for the considered semileptonic decays Bs → K∗l+l− with ℓ = (µ, τ), respec-
tively. Since the relevant figures for the electron mode are very similar with those for the muon
mode, we do not draw them in Figs. 6-8. The symbols in these two figures have the same meaning
with those in Fig. 5.
From the numerical predictions as given in Tables XI and XII and in Figs. 6-8, we find the
following points about the physical observables of the B¯s → K∗l+l− (ℓ = e, µ, τ ) decays:
29
PQCD
PQCD+Lattice
0 5 10 15 20
0
5
10
15
20
q2(GeV2)
-
.
1
2
4
2
5
1
0
6
7
8
Bs→K
* + -
PQCD
PQCD+Lattice
0 5 10 15 20
0
2
4
:
;
10
q2(GeV2)
<
B
/=
>
2
(1
0
-
?
)
Bs→K
*
τ
+
τ
-
PQCD
PQCD+Lattice
0 5 10 15 20
-@AB
-CDE
-0.2
0.0
0.2
FGH
IJK
q2(GeV2)
A
L
M
(q
2
)
Bs→K
* + -
PQCD
PQCD+Lattice
0 5 10 15 20
-NOP
-0.2
0.0
0.2
QRS
q2(GeV2)
A
T
U
(q
2
)
Bs→K
*
τ
+
τ
-
PQCD
PQCD+Lattice
0 5 10 15 20
0.0
0.2
VWX
YZ[
\]^
1.0
q2(GeV2)
F
L
(q
2
)
Bs→K
* + -
PQCD
PQCD+Lattice
0 5 10 15 20
0.0
0.2
_`a
bce
fgh
1.0
q2(GeV2)
F
L
(q
2
) Bs→K
*
τ
+
τ
-
FIG. 6. The theoretical predictions for the q2-dependence of dB/dq2,AFB(q2) and FK∗L (q2) for the decays
B¯s → K∗ℓ+ℓ− with ℓ = (µ, τ) in the PQCD and “PQCD+Lattice” approaches. For more details see the
text.
(1) For the considered decay modes, the PQCD and “PQCD+Lattice” predictions for B(B¯s →
K∗l+l−) with ℓ = (e, µ, τ) do agree well with each other within the errors. The “PQCD+
Lattice” predictions of B(B¯s → K∗l+l−) have smaller errors than those of the PQCD pre-
dictions. Both PQCD and “PQCD+Lattice” predictions of B(B¯s → K∗µ+µ−) do agree well
with the LCSR prediction (2.85± 0.72)× 10−8 [29] and with the currently available LHCb
measured value (2.9±1.1)×10−8 [20]. For the electron and muon mode, on the other hand,
we have to wait for the future experimental measurements.
(2) For the ratio ReµK∗, the theoretical predictions from both PQCD and “PQCD+Latatice” ap-
proach are almost the same one, with a tiny ∼ 1% error because of the great cancellation
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FIG. 7. The theoretical predictions for the q2-dependence of the angular observables Pi (i = 1, 2, 3) for the
decays B¯s → K∗l+l− (ℓ = µ, τ ) in the PQCD and “PQCD+Lattice” approaches. For details see the text.
of the errors in the ratio of the branching ratios. For the ratio RµτK∗ , however, the remaining
error of the theoretical predictions from both PQCD and “PQCD+Latatice” approach are
still around 10%. These two ratios should be measured in the future experiments.
(3) For the direct CP asymmetries ACP of the considered decays, they are always very small
as expected: less than 2% in magnitude. For physical observables AFB and FK∗L , the dif-
ferences between the central values of the PQCD and “PQCD+Lattice” are about 20% in
magnitude, while the errors of the theoretical predictions are less than 10%.
(4) For the angular observables Pi and P
′
j , the PQCD and “PQCD+Lattice ” predictions for each
mode are consistent within errors. The values of P3 and P
′
6,8 are close to zero: ∼ 10−2 for
P ′8 and ∼ 10−3 for P3 and P ′6. For the remaining P1,2 and P ′4,5, their magnitudes are small:
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FIG. 8. The theoretical predictions for the q2-dependence of the angular observables P ′j (j = 4, 5, 6, 8) for
the decays B¯s → K∗l+l− (ℓ = µ, τ ) in the PQCD and “PQCD+Lattice” approaches. For details see the
text.
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−1 < (P1,2, P ′5) < −0.2 while P ′4 ∼ 1.
(5) One can see from the curves in Figs. 7 and 8 that most angular observables Pi and P
′
j have
weak q2-dependence in the major region of q2 due to the large cancellation of q2-dependence
in the ratios.
For the semileptonic decays B¯s → K∗ℓ+ℓ− (ℓ = e, µ), some regions of q2 do correspond to
some resonance states, such as the charmonium J/Ψ, ψ(2S), etc, , and should be removed for the
sake of date analysis. Following Ref. [29], we here also present the binned value of the observables
as a function of lepton-pair momentum q2 covering two q2 regions: [0.1 − 0.98] GeV2 and [1.1 −
6]GeV2 and consider the mass effect in the final state. We employ the PQCD and “PQCD+Lattice”
approach to evaluate the form factors and compare the resultant results. Analogous to Ref. [29],
we also define the q2-binned observables in following form:
〈P1〉bin =
∫
bin
dq2(I3)
2
∫
bin
dq2(Is2)
, 〈P2〉bin =
∫
bin
dq2(βℓI
s
6)
8
∫
bin
dq2(Is2)
, 〈P3〉bin = −
∫
bin
dq2(I9)
4
∫
bin
dq2(Is2)
, (107)
〈P ′4〉bin =
∫
bin
dq2(I4)√
− ∫
bin
dq2(Ic2I
s
2)
, 〈P ′5〉bin =
∫
bin
dq2(βℓI5)
2
√
−(∫
bin
dq2(Ic2I
s
2))
, (108)
〈P ′6〉bin = −
∫
bin
dq2(βℓI7)
2
√
−(∫
bin
dq2(Ic2I
s
2))
, 〈P ′8〉bin = −
∫
bin
dq2(I8)√
−(∫
bin
dq2(Ic2I
s
2))
, (109)
〈B〉bin =
∫
bin
dq2
dB(Bs → K∗ℓ+ℓ−)
dq2
, (110)
〈RK∗〉bin = 〈BR〉bin(ℓ = µ)〈BR〉bin(ℓ = e) , (111)
〈AFB(ℓ)〉bin =
∫
bin
dq2bθℓ(q
2)∫
bin
dq2dΓ/dq2
=
3
∫
bin
dq2Is6
4Γbin
, (112)
〈FK∗L 〉bin =
3
∫
bin
dq2(Ic1 − Ic2)∫
bin
dq2[3 (Ic1 + 2I
s
1)− (Ic2 + 2Is2)]
. (113)
In Table XIII, we listed the PQCD and “PQCD+Lattice” predictions for the binned values of
all eleven physical observables considered in this paper for the B¯s → K∗µ+µ− and the Bs →
K¯∗µ+µ− decays. The theoretical errors from the input parameters are combined in quadrature in
the tabulated error estimates. As a comparison, we also insert an extra row of the results from the
LCSR approach [29] into the table, for each physical observable. It is necessary to note that there
exist three differences between our predictions and the LCSR results as given in Ref. [29]:
(1) The sign definition of the forward-backward asymmetryAFB in Ref. [29] is opposite to ours
as given in Eq. (76).
(2) Our choices of the q2 bin are [0.1−0.98]GeV2 and [1.1−6]GeV2, instead of the [0.1−1]GeV2
and [1 − 6]GeV2 in Ref. [29], because we try to remove the possible contribution from the
light resonance φ(1020).
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(3) The authors in Ref. [29] considered the nonfactorizable corrections like weak annihilation
and spectator scattering in the bin [1 − 6] GeV2 while these effects in our analysis are very
small and have been neglected.
On the theoretical side, from the numerical results as listed in Table XIII, one can find the
following points:
(1) For binned values of observables 〈P1,2〉 and 〈AFB(ℓ)〉, the differences between the PQCD
and “PQCD+Lattice” predictions are around (20 − 40)% of the central values. For other
eight physical observales, however, the PQCD and “PQCD+Lattice predictions agree very
well within errors. The source of the difference come from a little different q2-dependence
of the form factors of these two factorization approaches.
(2) The differences between our results and LCSR predictions [29] are generally not large
in magnitude and could be understood if one takes the three differences between our ap-
proaches and the LCSR as specified in previous paragraph. Current difference will be tested
in the future when the experimental measurements become available.
(3) For observables 〈P3〉 and 〈P ′6,8〉, their SM values are tiny, about 10−3 to 10−2 in magnitude,
because they are basically driven by the NLO contributions. It is noted that the observable
P ′6 stems from the absorptive part of b → dγ, a small imaginary number. Since these
observables are not protected from hadronic uncertainties in general, their values are more
sensitive to the choice of the method of calculating the form factors or to the variations of
the input parameters being used in calculations.
(4) In this paper, the possible long-distance charm loop effects has been taken into account.
The modification induced to C9 is encoded in a shift where the factorizable charm loop and
nonfactorizable soft gluon are taken into account. We also use a phenomenological model
to account for light resonances like ρ(770) and ω(782) in the low-q2 region. It is interesting
to note that such particular effect is difficult to estimate and can be large in size, casting
some doubts on the possibility to exploit the bins between J/ψ and ψ(2S) for comparison
with experiments.
VI. SUMMARY AND CONCLUSIONS
In the framework of the SM, we here studied the rare semileptonic decays B¯s → K(∗)ℓ+ℓ−
with l− = (e−, µ−, τ−) by using the PQCD and “PQCD+Lattice” factorization approaches and
provided the theoretical predictions for the thirteen kinds of physical observables: the branching
ratios B(B¯s → K(∗)ℓ+ℓ−), B(Bs → K¯(∗)ℓ+ℓ−) and their CP-averages, the ratios of the branching
ratiosReµK,K∗ andR
µτ
K,K∗, the lepton FB asymmetryAFB(l), the longitudinal polarization asymme-
try of the leptons PL and the quantity F
K∗
L , the angular observables Pi with (i = 1, 2, 3) and P
′
j
with (j = 4, 5, 6, 8). In the PQCD factorization approach, specifically, we first evaluated the rele-
vant form factors F0,+,T (q
2), V (q2), A0,1,2(q
2) and T1,2,3(q
2) in the low q2 region and then extrap-
olate them to the whole q2 region using the BCL parametrization method. In the “PQCD+Lattice”
approach, we also take those currently available Lattice QCD results for the relevant form factors
at the end point q2max as additional input to improve the extrapolation of the form factors from the
low q2 region to the whole range of q2.
Based on our numerical calculations and the phenomenological analysis, we find the following
main points:
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(1) For all physical observables considered in this paper, the PQCD and “PQCD+Lattice”
predictions do agree well within one standard deviation. The theoretical errors of the
“PQCD+Lattice” predictions for the branching ratios become much smaller than those of
the PQCD predictions.
(2) For B¯s → (K,K∗)µ+µ− decays, for example, the PQCD and “PQCD+Lattice” predictions
for the CP-averaged branching ratios are the following:
B(B¯s → Kµ+µ−)|CP−av. =
{
(1.28+0.52−0.48)× 10−8, PQCD,
(1.06+0.22−0.29)× 10−8, PQCD + Lattice, (114)
B(B¯s → K∗µ+µ−)|CP−av. =
{
(3.17+0.95−0.78)× 10−8, PQCD,
(2.48+0.56−0.50)× 10−8, PQCD + Lattice, (115)
Our theoretical predictions for the B(B¯s → K∗µ+µ−) do agree well with the measured one
(2.9± 1.1)× 10−8 as reported by LHCb collaboration [20].
(3) For the ratios ReµK∗ and R
µτ
K∗ , the PQCD and “PQCD+Lattice” predictions agree very well
and have a small error less than 10% due to the cancellation of the theoretical uncertainties in
the ratios of the branching ratios. For the direct CP asymmetriesACP , they are always very
small: less than 5% in magnitude. For physical observables AFB and FK∗L , the differences
between the central values of the PQCD and “PQCD+Lattice” are about (10 ∼ 30)% in
magnitude, while the errors of the theoretical predictions are less than 10%.
(4) For the angular observables P1,2,3 and P
′
4,5,6,8, the PQCD and “PQCD+Lattice ” predictions
for each lepton l− are consistent within errors. The theoretical predictions of P3 and P ′6,8 are
tiny, say less than 10−2 in absolute value, and thus hardly to be measured. For the remaining
P1,2 and P
′
4,5, on the other hand, their magnitudes are larger than 0.2 and therefore could be
measured by future LHCb and Belle-II experiments.
(5) For the sake of data analysis, we also defined eleven q2-binned observables and presented
our theoretical predictions of the binned values of all considered observables with the choice
of two q2-bins [0.1 − 0.98]GeV2 and [1.1 − 6]GeV2. The PQCD and “PQCD+Lattice”
predictions generally agree with each other and are also consistent with most LCSR results
within errors.
In general, we believe that most physical observables considered in this paper could be mea-
sured in the future LHCb or Belle-II experiments. Any clear deviations from above SM predictions
might be a signal of new physics beyond the SM.
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Appendix A: Relevant functions
The threshold resummation factor St(x) is adopted from [76]:
St =
21+2cΓ(3/2 + c)√
πΓ(1 + c)
[x(1− x)]c, (A1)
and we here set the parameter c = 0.3. The hard functions h1 and h2 come form the Fourier
transform and can be written as
h1(x1, x2, b1, b2) = K0(β1b1)[θ(b1 − b2)I0(α1b2)K0(α1b1)
+ θ(b2 − b1)I0(α1b1)K0(α1b2)]St(x2), (A2)
h2(x1, x2, b1, b2) = K0(β2b1)[θ(b1 − b2)I0(α2b2)K0(α2b1)
+ θ(b2 − b1)I0(α2b1)K0(α2b2)]St(x2), (A3)
whereK0 and I0 are modified Bessel functions, and
α1 = mBs
√
x2rη+, α2 = mBs
√
x1rη+ − r2 + r2d, β1 = β2 = mBs
√
x1x2rη+, (A4)
where r = mK(∗)/mBs , rd = md/mBs .
The factor exp[−Sab(t)] contains the Sudakov logarithmic corrections and the renormalization
group evolution effects of both the wave functions and the hard scattering amplitude with Sab(t) =
SB(t) + SM(t) [76],
SB(t) = s
(
x1
mBs√
2
, b1
)
+
5
3
∫ t
1/b1
dµ¯
µ¯
γq(αs(µ¯)), (A5)
SM(t) = s
(
x2
mBs√
2
rη+, b2
)
+ s
(
(1− x2)mBs√
2
rη+, b2
)
+ 2
∫ t
1/b2
dµ¯
µ¯
γq(αs(µ¯)), (A6)
with the quark anomalous dimension γq = −αs/π. The explicit expressions of the functions
s(Q, b) can be found for example in Appendix A of Ref. [90]. The hard scales ti in above equation
are chosen as the largest scale of the virtuality of the internal particles in the hard b-quark decay
diagrams,
t1 = max{α1, 1/b1, 1/b2}, t2 = max{α2, 1/b1, 1/b2}. (A7)
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TABLE XIII. The binned values of observables for the process B¯s → K∗µ+µ− and Bs → K¯∗µ+µ− at
µ = mb scale using the PQCD and “PQCD+Lattice” factorization approaches. The uncertainties shown
are due to errors in determination of form factors and CKM parameters. The LCSR predictions for Bs →
K∗µ+µ− decay as given in Ref. [29] were added as a comparison. For details see the text.
Decay mode B¯s → K∗µ+µ− Bs → K¯∗µ+µ−
Obs./Bin [0.1 – 0.98] GeV2 [1.1 – 6] GeV2 [0.1 – 0.98] GeV2 [1.1 – 6] GeV2
〈P1〉 PQCD 0.004(2) −0.157(16) 0.023(2) −0.163(16)
PQCD+Lat. 0.003(2) −0.279(25) 0.021(3) −0.292(28)
LCSR [29] 0.012(129) −0.081(111) 0.011(135) −0.075(108)
〈P2〉 PQCD 0.127(2) −0.127(6) 0.139(2) −0.223(5)
PQCD+Lat. 0.128(2) −0.101(18) 0.141(2) −0.155(16)
LCSR [29] 0.118(13) 0.112(80) 0.112(13) 0.142(79)
〈P3〉 × 102 PQCD 0.1 ± 0.1 0.4± 0.2 0.2 ± 0.2 0.5± 0.2
PQCD+Lat. 0.1 ± 0.1 0.8± 0.2 0.2 ± 0.2 0.9± 0.2
LCSR [29] 0.1 ± 0.2 0.4± 1.0 0.1 ± 0.7 0.3± 1.0
〈P ′4〉 PQCD −0.131(2) 0.817(14) −0.603(2) 0.849(13)
PQCD+Lat. −0.131(3) 0.854(7) −0.604(3) 0.890(9)
LCSR [29] −0.593(58) 0.464(165) −0.650(60) 0.379(172)
〈P ′5〉 PQCD 0.711(3) −0.608(3) 0.394(2) −0.650(4)
PQCD+Lat. 0.715(2) −0.486(40) 0.392(2) −0.524(39)
LCSR [29] 0.547(53) −0.286(133) 0.543(55) −0.273(140)
〈P ′6〉 × 102 PQCD −0.4± 0.2 −0.2± 0.2 −0.3± 0.2 −0.2± 0.2
PQCD+Lat. −0.3± 0.5 −0.2± 0.2 −0.3± 0.2 −0.2± 0.2
LCSR [29] −10.4 ± 1.7 −9.5± 1.1 −6.9± 0.5 −7.8± 0.4
〈P ′8〉 PQCD 0.042(2) 0.050(2) 0.044(2) 0.057(2)
PQCD+Lat. 0.041(2) 0.053(2) 0.045(2) 0.062(2)
LCSR [29] 0.015(16) 0.040(17) 0.044(16) 0.034(19)
〈B〉 × 109 PQCD 1.44 ± 0.47 4.65+1.52−1.39 1.72+0.69−0.49 4.99+2.09−1.65
PQCD+Lat. 1.43+0.48−0.42 4.64
+1.54
−1.41 1.71
+0.66
−0.69 ± 0.48 4.98+2.13−1.71
LCSR [29] 3.81 ± 0.46 7.80± 1.79 4.41 ± 0.57 8.39± 1.89
〈RK∗〉 PQCD 0.983(1) 0.995(1) 0.984(1) 0.996(1)
PQCD+Lat. 0.982(1) 0.996(1) 0.984(1) 0.997(1)
LCSR [29] 0.940(9) 0.998(4) 0.942(8) 0.998(4)
〈AFB(ℓ)〉 PQCD 0.110(2) −0.067(5) 0.076(2) −0.087(5)
PQCD+Lat. 0.110(2) −0.034(4) 0.077(2) −0.053(3)
LCSR [29] −0.060(8) −0.029(22) −0.056(8) −0.036(22)
〈FK∗L 〉 PQCD 0.297(5) 0.741(11) 0.543(8) 0.738(10)
PQCD+Lat. 0.297(10) 0.769(16) 0.543(13) 0.769(16)
LCSR [29] 0.453(68) 0.853(39) 0.464(65) 0.851(39)
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